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Disclaimer

e Incomplete Document: This file constitutes supporting material under active development.
Several sections and asymptotic derivations are still being revised, expanded, and supplemented.

e Al-Assisted Construction: This material was structured, reviewed, and expanded with the
assistance of Artificial Intelligence models for didactic organization and Markdown/LaTeX formatting
rigor.

e Margin of Error: Due to the technical nature of the matrix and asymptotic proofs, the text may
contain typographical errors, algebraic omissions, or theoretical inaccuracies not yet reviewed by
the author. It should not be used as the sole definitive bibliographic source.

Chapter 1: The Classical Linear Regression Model (CLRM)

1.1 Motivation and Geometric Interpretation

The Classical Linear Regression Model (CLRM) addresses the problem of estimating the conditional
mean of a dependent variable (y) given a set of independent variables (x1,...,xx), aiming to describe the
statistical dependence between them.

Geometric Interpretation in R™:

Let y € R™ be the vector of observations of the dependent variable and X € R™"*X the data matrix.
Geometrically, the Ordinary Least Squares (OLS) estimator seeks a vector of fitted values § that represents
the orthogonal projection of y onto the subspace spanned by the columns of X (the column space).
The residual vector e = y — ¥ is the vector of smallest Euclidean norm connecting y to the subspace,
ensuring that e is orthogonal to every column of X.

1.2 CLRM Assumptions and Their Roles

Assumption 1.1: Linearity in Parameters

e Role: Defines the functional structure of the model, ensuring that the dependent variable is a
weighted sum of the regressors and an additive disturbance.



¢ Counterexample: A production model where parameters are exponents, such as Y = o X f e,
requires logarithmic transformation to be linearized; if not linearizable, algebraic OLS methods fail
in direct identification.

Assumption 1.2: No Perfect Multicollinearity (Full Rank)

e Role: Ensures that the explanatory variables vary in a linearly independent manner, allowing the
inversion of the matrix (X’X) and the unique identification of parameters.

e Counterexample: Including the same variable in different units (e.g., meters and centimeters)
or falling into the “dummy variable trap” (including dummies for all categories and an intercept)
renders the matrix singular, preventing the estimator from being computed.

Assumption 1.3: Strict Exogeneity (Zero Conditional Mean)

e Role: Guarantees that the error term does not contain information systematically related to the
regressors, being the necessary condition for the unbiasedness of the estimator.

e Counterexample: Omitting a relevant variable correlated with the included regressors causes the
error to absorb this effect, generating correlation between X and € and resulting in systematically
biased estimates (omitted variable bias).

Assumption 1.4: Spherical Errors (Homoskedasticity and No Autocorrelation)

e Role: Establishes that the error variance is constant across observations and that errors are
independent of each other, simplifying the covariance structure to a scalar matrix (oI).

o Counterexample: In time series data, shocks in one period may persist into the next (autocor-
relation), or in cross-sectional data, variance may increase with income level (heteroskedasticity),
invalidating standard errors and OLS efficiency.

1.3 Formal Statement of the CLRM

Let a measure and probability space be associated with the data generating process. The Classical Linear
Regression Model (CLRM) is defined by the following structure:

1. Population Linearity: The response vector y € R” satisfies the equation:

y=XB+e¢ (1.1)
where X is an n x K matrix of regressors, f € R¥ is the vector of fixed parameters, and € € R" is
the vector of stochastic disturbances.

2. Identifiability: The matrix X has full column rank, such that rank(X) = K < n with probability
1.

3. Exogeneity: F[¢|X] = 0,x1.
4. Sphericity: E[ec'|X] = %I, where I, is the identity matrix of order n and o2 € (0, 00).

1.4 Derivation of the OLS Estimator

Theorem (Ordinary Least Squares Estimator). Under Assumptions 1.1 to 1.4, the OLS estimator
is given by:

f=X'X)"'X"y (1.2)

Proof:

We define the objective function S(b) as the squared Euclidean norm of the residual vector:

S(b) = (y — Xb)'(y — Xb) (1.3)



Expanding the quadratic form:
S(b) =y'y — b'X'y — y'Xb + b'X'Xb (1.4)
Since b’X'y is a scalar (dimension 1 x 1), it is identical to its transpose (y'Xb). Hence:
S(b) =y'y —2b'X'y + b'X'Xb (1.5)
To find the minimum, we differentiate S(b) with respect to b and set it to zero (First Order Condition):

agigo) = _2X'y +2X'Xb =0 (1.6)

Isolating b:

X'X3=X'y (1.7)

By Assumption 1.2 (Full Rank), (X’X) is positive definite and thus invertible:

f=(X'X)"'X"y (1.8)

1.5 Proof of Unbiasedness of OLS

Theorem (Unbiasedness of OLS). Under Assumption 1.3 (Strict Exogeneity), the OLS estimator is
unbiased:

E[BIX] =5 (1.9)

Proof:
Substituting the structural equation (1.1) into (1.2):

B=(X'X)"'X'(X8+¢) (1.10)
Distributing:
B=08+(X'X)"Xe (1.11)
Applying the conditional expectation given X:
E[BIX] = 8+ (X'X)"'X'E[¢|X] (1.12)
By Assumption 1.3, E[¢|X] = 0:

E[p|X] = 8 (1.13)




1.6 Implications of Strict Exogeneity
1.6.1 Motivation

Exogeneity is the assumption that enables the transition from mere statistical association to causal
or structural inference. In practical terms, it solves the problem of isolating the effect of a specific
explanatory variable on the dependent variable, ensuring that the error term does not contain factors
that vary systematically with the regressors.

Geometric Interpretation in R™:

Let X be the matrix of regressors. Exogeneity implies that, in the sample space, the vector of population
errors ¢ is “orthogonal” (in expectation) to the subspace spanned by the columns of X. This means that
the projection of y onto the column space of X recovers exactly the structural component X3, without
contamination from unobserved factors that could “pull” the projection in wrong directions.

1.6.2 Assumptions and Their Roles
Assumption 1.5: Strict Exogeneity (Zero Conditional Mean)

e Role: Guarantees that the error is not predictable from any information contained in the regressors,
establishing mean independence.

o Counterexample: If we study the effect of education () on wages (y), and omit “innate ability
(a), the latter will reside in the error . Since more able individuals tend to pursue more education,
Cov(z,e) # 0. The estimator will attribute to education the wage gain that actually comes from
ability, generating omitted variable bias.

b2

1.6.3 Implications of Strict Exogeneity
Implication I: Zero Unconditional Mean (E[c] = 0)
By the Law of Iterated Expectations:

Ele] = E[E[¢|X]] = E[0] = 0 (1.14)

Implication II: Orthogonality and Zero Covariance

For any function h(X) of the regressors:

E[h(X)e] = BIE[W(X)eX]] = E[h(X)E[¢|X]] = 0 (1.15)

In particular, Cov(X,e) = 0.
Implication III: Identification of the Parameter (8

Taking the conditional expectation of model (1.1):
Ely|X] =Xp+ E[e|X] = Xp (1.16)
Premultiplying by X’ and taking the unconditional expectation:
EX'y] = E[X'X]p3 (1.17)

Isolating f3:

8= (EX'X])'EX'y] (1.18)



Equation (1.18) shows that the population parameter § is uniquely determined by the observable moments
of y and X. Without exogeneity, the OLS estimator would converge to a value 5* # (3, resulting in
inconsistency.

1.7 Ordinary Least Squares (OLS) as Orthogonal Projection
1.7.1 Motivation

The OLS process solves the problem of approximation in subspaces. When we have a system of linear
equations y = X[ that is overidentified (more equations than unknowns, n > K), there is generally no
exact solution due to noise in the data. OLS seeks the parameter vector that produces the “best fit,”
minimizing the Euclidean distance between the observed vector and the predicted vector.

1.7.2 Assumptions and Their Roles
Assumption 1.6: Full Column Rank

e Role: Ensures that the columns of X are linearly independent, guaranteeing that the Gram matrix
(X'X) is invertible.

e Counterexample: If one variable is a copy of another, the subspace S will have dimension less than
K. This creates a “line” or “plane” of possible solutions for 8, making the estimator indeterminate.

Assumption 1.7: n > K (Positive Degrees of Freedom)

e Role: Necessary for the residual to not be trivially zero and to allow estimation of the noise
variance.

e Counterexample: If n = K, the “approximation” becomes an exact interpolation; if n < K, the
system is underdetermined and there are infinitely many solutions that zero the error, preventing
the identification of individual effects.

1.7.3 Formal Statement and Derivation

The OLS estimator, denoted by B, is defined as:

B = argmin S(b) (1.19)
beRK

where S(b) = ||y — Xb||? = (y — Xb)'(y — Xb).
Theorem (Uniqueness of OLS). Under Assumption 1.6, the OLS estimator is unique and given by
(1.2).
Proof:
The Hessian matrix is H = 2X’X. By Assumption 1.6, X has linearly independent columns. If v # 0,
then Xv # 0, which implies v/(X'X)v = [|Xv||? > 0. Hence, 2X’X is positive definite, guaranteeing
that the critical point is a strict and unique minimum. [J

1.8 Gauss-Markov Theorem
1.8.1 Motivation

The Gauss-Markov Theorem addresses the problem of estimator selection. Given that there are
infinitely many ways to combine the data to estimate a parameter 8 in an unbiased manner, the theorem
identifies which of these combinations produces the smallest uncertainty (variance).

Geometric Interpretation in R":

10



In the sample space, the OLS estimator B corresponds to the orthogonal projection of the observation
vector y onto the subspace spanned by the columns of X. Any other linear unbiased estimator can be
seen as an “oblique” projection or a transformation that does not minimize the Euclidean distance. The
theorem guarantees that the “ellipse of uncertainty” (covariance matrix) of any other linear unbiased
estimator will contain the ellipse of uncertainty of OLS.

1.8.2 Formal Statement

Gauss-Markov Theorem. Under Assumptions 1.1 to 1.4 (Linearity, Full Rank, Strict Exogeneity, and
Sphericity), the OLS estimator f = (X’X)~!X’y has the smallest covariance matrix (in the positive
definite matrix sense) within the class of all linear unbiased estimators of 3.

1.8.3 Granular Proof
Definition 1 (OLS Estimator):

f=XX)"'X'y=Ay, A=(XX)"'X (1.20)

Definition 2 (Alternative Linear Estimator):

Let 3 be any linear estimator defined by 3 = Cy, where C is a K X n matrix that may depend on X, but
not on y. We define D such that C = A + D.

Lemma 1 (Unbiasedness Condition): For B to be unbiased, we must have DX = 0.

Proof:
E[f|X] = E[(A +D)y|X] = (A + D)X3 + (A + D)E[¢]X] (1.21)

E[f|X] = AXj3 + DXJ =+ DXp3 (1.22)

For E[3|X] = 3 for any B, it is necessary that DX = 0. [J
Step 1: Variance of OLS:

Var(8|X) = A Var(y|X)A’ = 02AA’ = 02(X'X)"? (1.23)

Step 2: Variance of the Alternative Estimator:

Var(§|X) = ¢2CC’' = ¢%(A + D)(A + D)’ (1.24)

Var(3|X) = 0>(AA’ + AD' + DA’ + DD’) (1.25)
Step 3: Simplification of Cross Terms:
AD' = (X'X)"'X'D' = (X'X)"'(DX) =0 (1.26)

Similarly, DA’ = 0.
Step 4: Efficiency Comparison:

Var(8|X) = 02AA’ 4+ 0°DD’ = Var(3|X) + ¢*DD’ (1.27)

Since DD’ is an outer product matrix, it is positive semidefinite (PSD). Hence:

11



Var(B|X) — Var(3|X) = 0>DD’ = 0 (1.28)

Conclusion: OLS is BLUE (Best Linear Unbiased Estimator). O

1.9 Projection and Annihilator Matrices
1.9.1 Motivation

The central problem of linear regression is to decompose a vector of observed data y into two mutually
exclusive components: one that belongs to the subspace spanned by our explanatory data (the “explained”
part) and another that is orthogonal to that subspace (the noise or “error”). The projection and annihilator
matrices are the linear operators that perform this separation.

Geometric Interpretation in R":
Let S be the subspace spanned by the columns of the matrix X (the column space of X).

1. The Projection Matrix (P) acts as a “map” that orthogonally projects any vector y onto S,
resulting in the vector of fitted values .

2. The Annihilator Matrix (M) projects the vector y onto the orthogonal complement of S, resulting
in the residual vector e.

Geometrically, the vector y is the hypotenuse of a right triangle whose legs are ¥ and e, ensuring the
orthogonal decomposition y =y + e.

1.9.2 Formal Statement
Let X € R"™X with rank(X) = K. We define:
1. Projection Matrix (or “Hat Matrix”):

P =X(X'X)"'X' (1.29)

2. Annihilator Matrix (or “Residual Maker”):

M=I,-P (1.30)
1.9.3 Properties of Projection Matrices
Property I: Symmetry
P=P, M=M (1.31)
Property II: Idempotence
PP=P, MM=M (1.32)

Property III: Orthogonality and Conservation

PX=X, MX=0, PM=0 (1.33)

Property I'V: Trace and Rank

tr(P) =K, trM)=n—-K (1.34)

12



Since for idempotent matrices rank(P) = tr(P), the rank of the projection matrix is exactly the number
of regressors K.

1.9.4 Orthogonal Decomposition of y
Using the matrices P and M:

y=Py+My=y+e (1.35)

where § = Py are the fitted values and e = My are the residuals.
Verification of Orthogonality:

(Py)' (My) = y'P'My = y'PMy =0 (1.36)

y'e

1.10 Partitioned Regression and the Frisch-Waugh-Lovell Theorem
1.10.1 Motivation

The concrete problem solved by partitioned regression is the isolation of the marginal effect of a subset of
variables, “cleaning” the influence of other regressors (controls). Researchers often face the dilemma of the
“Short Regression” (estimated with available data) versus the “Long Regression” (the ideal population
model), which generates systematically biased estimates when relevant variables are omitted.

Geometric Interpretation in R":

Let S be the subspace spanned by the columns of X = [X; | Xs]. The long regression estimator
projects the vector y onto the total space S. The short regression projects y only onto the subspace
S1 C S spanned by X;. If X; and X5 are not orthogonal, the projection onto S; captures part of
the variation that geometrically belongs to the direction of X, “contaminating” the coefficient of X;.
The Frisch-Waugh-Lovell (FWL) Theorem shows that the long regression coefficient can be obtained by
projecting the residuals of one short regression onto the residuals of another, performing what we call
partialling out.

1.10.2 Assumptions and Their Roles
Assumption 1.8: Relevance of the Omitted Variable (32 # 0)

e Role: Ensures that the excluded variable has a structural effect on the dependent variable in the
population model.

o Counterexample: If we include irrelevant variables (whose true parameter is zero), the short
regression will be unbiased, though less efficient.

Assumption 1.9: Correlation between Regressors (X)X # 0)

¢ Role: Establishes that the included and omitted variables are linearly dependent in the sample,
allowing the included variable to act as a partial proxy for the omitted one.

o Counterexample: If the regressors are orthogonal (X} Xy = 0), omitting a relevant variable does
not bias the coefficient of the other, only increases the residual variance.

1.10.3 Formal Statement

Consider the Partitioned Linear Regression Model:

y=X161+XgfP2+ ¢ (1.37)
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where y € R", X; € R™**1 X, € R"**2 and ¢ € R®. We assume strict exogeneity and full rank for
X =[X; | X2

We define:

1. Short Regression Estimator: 3; = (X,X;)"'X!y.
2. Annihilator Matrix of X;: M; = I — X;(X}X;)"1X].

Theorem (Omitted Variable Bias). Under Assumptions 1.8 and 1.9:

E[51X] = f1 + (X1X1) "' X1 Xa s (1.38)
Proof:
E[B1|X] = (X{Xy) "X} Ely|X] = (X[ X)X} (X181 + Xaf3) (1.39)
E[Bi|X] = B + (X1 X1) ' X[ Xa (1.40)
O

1.10.4 Frisch-Waugh-Lovell (FWL) Theorem

Theorem (Frisch-Waugh-Lovell). The OLS estimator for 3 in model (1.37) is identical to the
estimator obtained by regressing the residuals of y (with respect to X;) on the residuals of Xy (with
respect to Xj):

Ba = (XHM,; Xo) ' XMy (1.41)

Proof (sketch): The partitioned normal equations are:

X/1X1 X/1X2 B:l _ Xlly (1 42)

From the first row: 8 = (X,X1) X/ (y — X2/3;). Substituting into the second row and rearranging:

X5M:Xo s = X4Myy (1.43)

Isolating (2, we obtain (1.41). O

1.11 Relative Efficiency: Short vs. Long Regression
1.11.1 Motivation

The concrete problem here is the bias-variance trade-off in model selection. When deciding whether
to include a set of controls (X32) to estimate the effect of interest (X;), we face a dilemma: the Long
Regression (with X5) eliminates omitted variable bias, but the Short Regression (without X3) may
offer more “stable” estimates (lower variance), especially if there is collinearity among the regressors.

Geometric Interpretation in R™:
Think of the variance of an estimator as the “volume” of its confidence ellipsoid.

1. In the Short Regression, we project y directly onto Col(X;). Precision depends only on the
dispersion of Xj.
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2. In the Long Regression, the FWL Theorem tells us that we estimate the coefficient of X; by
projecting y onto the part of X; that is orthogonal to X5 (i.e., M2Xj).

If X1 and X3 are highly correlated, the residual vector Mo X will have a very small norm. Geometrically,
we are trying to extract information from a very narrow “shadow” of Xy, which amplifies uncertainty and
increases the variance of the estimator.

1.11.2 Formal Statement

Let the DGP be given by the Long Regression (1.37). Under homoskedasticity, the variances of the
estimators for 5, are:

1. Long Regression: Var($;|X) = 0%(X{MoX;) L.
2. Short Regression: Var(3;|X) = ¢?(X}X;)7 L.

Theorem (Efficiency of the Short Regression). Under homoskedasticity:

Var(31|X) = Var(3;|X) (1.44)

Proof:

X | M,X; = X)X, — X|P.X; < X\ X, (1.45)

By the Matrix Inversion Lemma (if A < B, then A~! = B71):

o (X MoX )™ = o?(X) X )7t (1.46)

1.11.3 Practical Implications

The short regression is always more efficient (has lower variance) than the long regression, except in
the case of orthogonality (X]Xs = 0), where the variances are equal.

Indispensable Assumption: Homoskedasticity (o°I) is indispensable for the mathematical proof. In
the presence of heteroskedasticity, the short variance matrix becomes a “sandwich” and it is theoretically
possible for the long regression to be more efficient if X5 helps explain the variance structure of the error,
although this rarely occurs with standard OLS.

1.12 Estimator of the Residual Variance (s*) and Distribution of Residuals
1.12.1 Motivation

The concrete problem here is measuring uncertainty. The Ordinary Least Squares (OLS) estimator
provides the “best fit,” but does not reveal the magnitude of the random error (¢2). Without an estimate
of 02, it is impossible to compute standard errors or perform hypothesis tests. The estimator s2 solves
this by correcting the downward bias that would occur if we used the simple average of the squared
residuals.

Geometric Interpretation in R":

The vector of observations y inhabits a space of dimension n. The model projects y onto a subspace
of dimension K (spanned by the regressors). The residual vector e is the projection of y onto the
orthogonal complement of that subspace. Since this complement has dimension n — K, the residual
vector has only n — K independent directions in which to vary. Dividing the sum of squared residuals by
n — K (degrees of freedom) is equivalent to calculating the average variance per available dimension in
the residual space.

15



1.12.2 Additional Assumptions
Assumption 1.10: Normality of Errors (¢/X ~ N(0,0°1,))

¢ Role: Necessary to derive the exact distribution of residuals and for finite-sample inference.
¢ Counterexample: Without normality, the distribution of residuals is not exactly known, although
asymptotically it approaches a normal distribution.

1.12.3 Formal Statement
Let the model be y = X + ¢, with € ~ N(0,¢%I,,) and rank(X) = K. We define:

1. Projection Matrix (P): P = X(X'X)"1X".
2. Annihilator Matrix (M): M =1, — P.
3. Residual Vector (e): e = My.

’
4. Variance Estimator (s%): s? = -2¢

n—K"*

1.12.4 Proof of Unbiasedness of s2

Auxiliary Lemma 1 (Properties of Matrix M): M is symmetric (M’ = M), idempotent (MM = M),
and orthogonal to X (MX = 0).

Auxiliary Lemma 2 (Expectation of Quadratic Forms): For a random vector z with mean p and
covariance matrix X, E[z'Az] = tr(AX) + u'Ap.

Theorem (Unbiasedness of s?). Under Assumptions 1.1 to 1.4:

E[s*X] = o? (1.47)

Proof:
Step 1: Express the Sum of Squared Residuals (SSR) in terms of the population error:

e=My=M(XS+¢) =MXS+ Me =Me (1.48)
Hence, the SSR is:
e'e =c'M'Me = ¢'Me (1.49)
Step 2: Apply the Expectation Operator:
Ele'e|X] = E[e'Me[X] (1.50)
Applying Lemma 2 (with g = 0 and X = o21):
Ele/e|X] = tr(M - 0*T) + 0'MO = o tr(M) (1.51)
Step 3: Compute the Trace of M:

tr(M) = tr(I, — P) = n— tr(P) = n — tr (X(X'X) ' X’) (1.52)

By the cyclic property of the trace (tr(AB) = tr(BA)):
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tr(M) =n —tr (X'X)"'X'X) =n—tr(Ix) =n—- K (1.53)
Step 4: Finalize the Proof:
Elee|X] = o?(n — K) (1.54)

Taking the expectation of s

E[s*|X]|=F = =0 (1.55)

1.12.5 Proof of the Distribution of Residuals

Auxiliary Lemma 3 (Transformation of Normal Vectors): If z ~ N(u,3), then for a constant
matrix A, the vector Az ~ N(Ap, AXA).

Theorem (Distribution of Residuals). Under Assumption 1.10 (normality):

|elX ~ N(0.0°M) (1.56)

Proof:
Step 1: Identify the linear form:

From equation (1.48), e = Me. Since ¢ ~ N(0,0°I,) by assumption, the residuals are a linear
transformation of a normal vector.

Step 2: Compute the First Moment:

E[e|X] = ME[|X] =M-0=0 (1.57)

Step 3: Compute the Second Moment (Covariance Matrix):

Var(e|X) = M Var(¢|X)M' = M(c?1,,)M = ¢?(MM) = 0*M (1.58)

Conclusion: The residual vector follows a multivariate normal distribution:

e|X ~ N(0,0*M) (1.59)

1.12.6 Independence between B and e

Theorem (Independence between (3 and e). Under Assumption 1.10 (normality):

Ble|X (1.60)

Proof:
B =+ Ae, where A = (X’X)"!X'. e = MEe.

We compute the covariance between the random terms:
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Cov(Ae, Me|X) = A Var(e| X)M' = ¢’AM = o*(X’X) ' X'M = 0

Since g and e are linear transformations of a normal vector, zero covariance implies stochastic inde-

pendence. []

1.13 Summary of CLRM Properties

Property Expression Condition

OLS Estimator B =(X'X)"X'y Full Rank
Unbiasedness E[pIX] =2 Strict Exogeneity
Variance of OLS Var(8]X) = o2(X'X) ! Sphericity

BLUE Var(3) < Var(J3) Gauss-Markov
Estimator of o2 52 = ne_/‘}( Sphericity
Unbiasedness of s? E[s*|X] = o? Sphericity
Distribution of Residuals e~ N(0,0°M) Normality
Independence B Lle|X Normality

Chapter 2: Hypothesis Testing in the Classical Normal Linear
Regression Model

This chapter establishes the theoretical foundations for statistical inference in the Classical Normal Linear
Regression Model (CNLRM), covering from the derivation of the t-statistic for hypotheses about a single
parameter to the F-statistic for multiple linear restrictions, including confidence intervals and the trinity
of asymptotic tests. The material is organized in progressive sections, moving from geometric intuition to
rigorous algebraic formalism.

2.1 The Classical Normal Linear Regression Model (CNLRM)
2.1.1 Motivation

The concrete problem here is the validity of inference. Until now, the Ordinary Least Squares (OLS)
method allowed us to obtain point estimates (3), but did not tell us how likely it would be to obtain these
values if the true relationship were null. By adding the normality assumption, we transform the model
from an algebraic approximation tool into a complete probabilistic model. This allows us to determine
the exact distribution of the estimators and construct tests that quantify uncertainty under unknown

variance.
Geometric Interpretation in R™:

Under the normality assumption, the vector of population errors € is not only orthogonal to the column
space of X in expectation, but its probability density is spherically symmetric in R™. When we project
y onto the subspace spanned by X, the distance between the observed value and the projection (the
residual) follows a distribution related to x2, allowing us to “measure” the error in a standardized way.

2.1.2 CNLRM Assumptions
For the construction of exact tests, we add the following assumption to the CLRM:
Assumption 2.1: Normality of Errors (¢|X ~ N(0,021L,))

o Role: Ensures that any linear combination of y (such as the estimators B) also has a normal
distribution. This is the basis for the ratio between the estimation error and the standard error to
follow a Student’s t distribution.
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o Counterexample: If the errors follow a heavy-tailed distribution (such as Cauchy), the OLS
estimator can still be computed, but the test statistic will not follow a t distribution in small
samples, leading to incorrect conclusions about the significance of variables.

2.2 Inference about a Single Parameter: The t-Statistic
2.2.1 Motivation

The concrete problem solved by the t-statistic is hypothesis testing about a single regression coefficient
when the population variance o2 is unknown. Instead of substituting o2 with an ad hoc estimator, the
t-statistic incorporates the additional uncertainty from estimating the variance, resulting in a distribution
with heavier tails than the Normal.

Geometric Interpretation in R?:

For a simple regression, we can visualize the estimator B> as a random variable centered at 8. The
standard error 56(52) measures the dispersion of this variable. The t-statistic standardizes the distance
between the estimate and the tested value, dividing it by the estimated standard error. The denominator
s (root of the estimated variance) introduces additional variability, making the resulting distribution have
heavier tails than the Normal.

2.2.2 Formal Statement

Consider the Simple Linear Regression Model defined for n observations:

yi =01+ Pox;+e; i=1,....n (2.1)
where y; is the dependent variable, x; is the non-stochastic regressor, (31 is the intercept, 8o is the slope,
and ¢; is the stochastic error.

We assume the following conditions of the Classical Normal Model:
1. Exogeneity and Normality: ¢; YN (0,02), where o2 is constant (homoskedastic) and unknown.

2. Identifiability: There is variation in z, such that > ., (z; — z)? > 0.
Theorem (Distribution of the ¢-Statistic). Under the CNLRM assumptions, the statistic:

T_ Ba —ABS

S (2.2)

no
2.8

where 86(32) = \/ﬁ and s? = = L follows a Student’s ¢ distribution with n — 2 degrees of

freedom.

2.2.3 Formal Derivation

Step 1: Derivation of the OLS Estimators (51,52)

We minimize the sum of squared residuals S(by,be) = >0 | (y; — b1 — bow;)?.

The First Order Conditions (FOC) are:
oS - PO
2 — 9 i — B1 — ) =0 2.3
b, Z(y B — Baxi) (2.3)

i=1
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08

oy —2;(% — p1 — Boxi)r; =0 (2.4)

From (2.3):

B =9y — ot (2.5)

Substituting (2.5) into (2.4):

_ 2.6
SR > A 20
Step 2: Variance Estimator (s?)
We define the residual as é; = y; — 51 - ngi. The unbiased estimator of the variance is:
no 52
2 21 G
= v 2.7
s — (2.7)
(Justification: We lose 2 degrees of freedom when estimating B1 and Bs.)
Step 3: Sampling Distribution and Construction of the Test Statistic
Under the normality assumption, since 3, is a linear function of y (which is normal):
N 0‘2
O (e — 2.8
o (0 5777 2
To test Hy : o = 39, we standardize the estimator:
5. _ B0
Z—— 7P non (2.9)
o/ (i — 1)
Since ¢ is unknown, we use s. The associated Chi-square variable is:
(n —2)s?
V = 702 ~ X72172 (2.10)
Auxiliary Lemma (Definition of the Student’s ¢ Distribution):
If Z~ N(0,1) and V ~ x2 are independent, then T' = % ~t,.
Applying the lemma with v =n — 2:
27 P2
o z;—T)2 By — B9
e R e N - _ (2.11)
02D (n—2) 8Vl )
Defining the estimated Standard Error as se(f;) = \/ﬁ
5. _ 30
r_2=0 tnes (2.12)
se(f2)
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2.3 Distribution of Linear Combinations of OLS
2.3.1 Motivation

The concrete problem here is inference about multiple simultaneous hypotheses. Frequently,
economic or scientific theory does not predict only the value of a single parameter, but a relationship
between them (e.g., constant returns to scale, where the sum of coefficients must be unity).

Geometric Interpretation in R¥:

Let 8 € RE be the vector of population parameters. A single linear restriction defines a hyperplane
of dimension K — 1 in the parameter space. A set of J linearly independent restrictions defines the
intersection of J hyperplanes, resulting in an affine subspace of dimension K — J. Testing whether the
restriction is valid is equivalent to measuring the probabilistic distance between the unrestricted estimator

A

B (the point that minimizes the sum of squares in the total space) and the restricted subspace.

2.3.2 Additional Assumptions
Assumption 2.2: Full Column Rank (rank(X) = K)

« Role: Guarantees the identifiability of 3 and the invertibility of (X'X).
e Counterexample: If the columns of X are linearly dependent, there is no unique point in the
parameter space to compare with the restrictions.

Assumption 2.3: Normality of Errors (¢|X ~ N(0,0°1,))

e Role: This is the generating assumption. Since the estimator is a linear transformation of the
errors, the normality of € is inherited by B in any finite sample.

o Counterexample: Without normality, 3 follows a normal distribution only asymptotically (n —
00). In small samples, the distribution would be unknown, invalidating exact tests.

Assumption 2.4: Independence and Rank of Restrictions (rank(R) = J < K)

e Role: Ensures that the restrictions are not redundant or contradictory, guaranteeing that the
variance-covariance matrix of the restrictions is invertible.

e Counterexample: If R does not have full rank, the “ellipse of uncertainty” of the restrictions will
be collapsed in some dimension, preventing the calculation of the test statistic.

2.3.3 Formal Statement
Consider the model y = X3 + ¢, with y € R?, X € R**X | rank(X) = K, and € ~ N(0,0°1,).

Consider a set of J linear restrictions on 3 of the form:

Rf=q (2.13)

where R is a J x K matrix of constants of rank J, and q is a J x 1 vector of constants.
The unrestricted OLS estimator is 3 = (X'X)"'X'y.

Theorem (Distribution of the Restriction Vector). Under the CNLRM assumptions, the vector of
sample restrictions m = RS — q follows a multivariate normal distribution:

m|X ~ N (RS — q, o’R(X'X)"'R/) (2.14)
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2.3.4 Formal Derivation

Auxiliary Lemma 1 (Affine Transformation of Normal Vectors):

If z~ N(u,X¥) and w = a + Bz (where a and B are constants), then w ~ N(a + By, BXB').
Step 1: Distribution of y conditional on X

Since y = X + ¢, and € ~ N(0,0°L,):

Ely|X] = X8,  Var(y|X) = oI, (2.15)

Hence:

y[X ~ N(X8,0°I,) (2.16)

Step 2: Distribution of the Estimator B
The OLS estimator is § = By, where B = (X’X)"1X’.
Applying Lemma 1:

EBIX] =5,  Var(B|X) = o*(X'X)""! (2.17)

Hence:

BIX ~ N (8, 3 (X'X)71) (2.18)

Step 3: Distribution of the Restriction Matrix m
We define the discrepancy vector m = RB —q.

Since m is an affine function of 3, we apply Lemma 1 again:

Em|X]=RB—-q, Var(m|X)=c’R(X'X)"'R/ (2.19)

Therefore:

m|X ~ N (RB — q, ’R(X'X)"'R/) (2.20)

O

2.4 Cholesky Decomposition
2.4.1 Motivation

The concrete problem solved by the Cholesky decomposition is the “standardization” of multivariate
linear systems. Just as in scalar statistics we divide a variable by its standard deviation to obtain unit
variance, in matrices we seek an operator L such that, when applied to a system with variance-covariance
matrix ¥, it results in a system with identity I.

Geometric Interpretation in R":

A covariance matrix 3 defines the geometry of an ellipsoid of uncertainty. The Cholesky decomposition
extracts a lower triangular matrix L that functions as a coordinate system. Multiplying a white noise
vector (spherical) by L “stretches” and “rotates” this vector so that it assumes the shape of the ellipsoid
defined by 3. Conversely, multiplying correlated data by L~! (the whitening process) collapses the
ellipsoid back to a unit sphere.
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2.4.2 Formal Statement

Let A € REXK be a square, symmetric, and positive definite matrix. The Cholesky Theorem states
that there exists a unique lower triangular matrix L € RE*K | with strictly positive diagonal elements
(Li; > 0), such that:

(221)

where L is referred to as the Cholesky square root of A.

2.4.3 Algorithmic Derivation
Notation Definition:

o A;;: element in row ¢ and column j of A.
e L;;: element in row ¢ and column j of L.
o L is lower triangular = L;; =0 for j > i.

Step 1: Expansion of the Matrix Product

By the definition of matrix multiplication:

K
Aij = LixLj (2.22)
k=1
Since L is lower triangular:
J
Ay = ZLiijk (2.23)
k=1
Step 2: Diagonal Elements (i = j)
For a generic diagonal element L;;:
i—1
A=Y Ly + L3 (2.24)
k=1

Isolating:

(2.25)

Step 3: Off-Diagonal Elements (i > j)
From (2.23) and isolating L;;:

1 A
Lij = I, (Aij - ZLiijk> (2:26)

Auxiliary Lemma (Uniqueness):

Suppose A = L;Lj = LyLj. Since A is positive definite, it is invertible. This implies L] 'Ly = L} (L)~
The left-hand side is lower triangular and the right-hand side is upper triangular. A matrix that is
simultaneously lower and upper triangular must be diagonal. Since the diagonals are positive, the only
solution is the identity, hence L; = Lo.
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2.5 Multivariate Standardization and the x? Statistic
2.5.1 Motivation

The concrete problem solved here is the comparison of distances in correlated spaces. When we
test multiple simultaneous hypotheses (e.g., R = q), the estimation error in one parameter may be
correlated with the error in another. If we tried to sum the squares of these errors directly, we would be
ignoring the geometry of the system.

Geometric Interpretation in R”:

Imagine that the uncertainty of the restrictions forms an ellipsoid of probability density. The Cholesky
Decomposition extracts the dependence structure of this ellipsoid.

1. Normal to Standard: The Cholesky factor acts as a “whitening” operator, rotating and collapsing
the uncertainty ellipsoid into a perfect unit-radius sphere.

2. Standard to Chi-square: Once we have a unit sphere, the sum of the squares of the distances
from the center to the surface follows, by definition, a x? distribution.

2.5.2 Formal Statement

Let m = RB — q be the discrepancy vector of the restrictions of dimension J x 1. Under the null
hypothesis Hy : RS = q, we assume:

1. Distribution: m ~ N(0,V,,), where V,,, = 0?R(X'X)"'R/.

2. Variance Structure: V,, is a J x J symmetric and positive definite matrix.

3. Decomposition: There exists a lower triangular matrix L such that V,, = LL’.

Theorem (Wald Statistic). The Wald statistic for testing Hy : RS = q is:

W=m'V,'m~ 3| (2.27)

2.5.3 Formal Derivation
Step 1: Transformation to Standard Normal (Whitening)
We define the transformed vector z = L™ 'm.

By the Affine Transformation Lemma:

E[z|X] =L 'Em|X] =0 (2.28)
Var(z|X) = L'V, (LY =L Y LL) (LY =1, (2.29)

Hence:
z~ N(0,1)) (2.30)

Step 2: Transformation to Chi-square (y?)

We define the test statistic W as the inner product (sum of squares) of the standardized vector:

W=zz=m'(L)L'm=m'V,'m (2.31)

Auxiliary Lemma (Distribution of Quadratic Forms):
If z~ N(0,1I;), then z'z = ijl z5 ~ X5
Applying the lemma:
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W~ X% (2.32)

2.6 The Snedecor F' Statistic
2.6.1 Motivation

Until now, we have derived test statistics that depended on the population parameter o2. However, in
real applications, this parameter is invariably unknown. The problem solved by the F statistic is to allow
simultaneous inference about J linear restrictions using an estimate of the variance based on the model
residuals (s?).

Geometric Interpretation in R™:

The F statistic can be viewed as the ratio between two normalized orthogonal distances in R™. The
numerator measures the (squared) length of the projection of y that is “lost” when we impose the
restrictions of Hy. The denominator measures the (squared) length of the residual vector of the unrestricted
model, which represents the inherent variability of the error. The independence between these two measures
ensures that the ratio follows an F' distribution.

2.6.2 Formal Statement

Consider the model y = X + ¢ with £ ~ N(0,0°I,,) and rank(X) = K. Consider the null hypothesis
Hy : RSB = q, where R is J x K with rank(R) = J.

We define:

e'e
n—K>’
2. Discrepancy Vector (m): m = RS — q.

1. Variance Estimator (s?): s? = where e = My.

Theorem (F' Statistic). Under the CNLRM assumptions, the statistic:

m'[R(X’X)"'R/]"'m/J
[R( )2 |"'m/J Frm (2.33)

F:
S

follows a Snedecor F distribution with J and n — K degrees of freedom.

2.6.3 Formal Derivation

Step 1: Distribution of s2

We start from the definition of residuals: e = My, where M = I — X(X'X)~1X".
Substituting the model structure:

e=M(XpB+¢e)=Me (2.34)

The sum of squared residuals (SSR) is:

ee =c'Me (2.35)

Auxiliary Lemma 2 (Distribution of Quadratic Forms):
If z ~ N(0,I) and A is idempotent with rank(A) = v, then z’' Az ~ x2.
Applying the Lemma:
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n— K)s?
(T) ~ X?L*K (2.36)

Step 2: Independence between Numerator and Denominator

The Wald statistic W depends on B, while s2 depends on e.

B=p+(X'X)"'X'"e, e=Me (2.37)

We compute the covariance:

Cov((X'X)"'X'e, Me|X) = o*(X'X) ' X'M = 0 (2.38)
Since B and e are linear transformations of a normal vector, zero covariance implies stochastic inde-
pendence.
Step 3: Derivation of the I’ Statistic
We define W* = m'[R(X'X)'R’]"'m. Note that W = W*/o? ~ x?.

By the definition of the F' distribution (ratio of two independent x? variables divided by their respective
degrees of freedom):

I (2:39)
T /(n— K)
Canceling o2
/ / —1p/-1
F:m[R(XX)QR] m/J (2.40)
s
Applying the derived distributions:
2
F XJ—/J = FJ,n—K (241)

- ngfK/(n - K)

2.7 The Feasible Wald Test
2.7.1 Motivation

The concrete problem solved here is the operationalization of multiple hypothesis tests when the
noise variance (02) is unknown. While the theoretical Wald statistic uses the true variance, the feasible
test substitutes this parameter with its sample estimate (s?), allowing the researcher to perform tests of
linear restrictions using only the sample data.

Geometric Interpretation in R”:

Geometrically, the Wald statistic is a measure of the weighted Euclidean distance between the
vector of sample restrictions (R/3) and the vector of restrictions under the null hypothesis (q). The
use of s2 in the denominator acts as an “adaptive ruler”: if the estimated noise in the data is high,
the measured distance between the coefficients and the hypothesis must be significantly larger to be
considered statistically relevant. The F' statistic is nothing more than this distance normalized by the
number of dimensions (restrictions) being tested simultaneously.
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2.7.2 Formal Statement

Consider the model y = X3 + ¢, where € ~ N(0,02L,) and rank(X) = K. Consider the null hypothesis
Hy : RS = q, where R is a J x K matrix of constants of rank J and q is a J x 1 vector.

We define:

1. Discrepancy Vector: m = RﬁA —q. A
2. Residual Variance Estimator: s? = %, where e =y — X 3.
3. Feasible Wald Statistic (17):

m'[R(X’X)"'R/]"'m

W = 5

; (2.42)

Theorem (Wald-F Relationship). Under Hy and normality, the statistic F' = W/.J follows a Snedecor
F distribution with J and n — K degrees of freedom:

W
F = ~Fiug (2.43)

2.7.3 Formal Derivation
Auxiliary Lemma 3 (Distribution of m): Under Hy and normality, m|X ~ N (0, c?R(X'X)"'R/).
Step 1: Construction of the x> Quadratic Form for the Numerator

Consider the theoretical Wald statistic (W, ) using the population variance o?:

W, = m'[Var(m|X)] 'm (2.44)
Substituting the variance from Lemma 3:

! X/X —1p/-1
W, — IR )2 R m (2.45)
o

By the theory of quadratic forms of normal vectors, since m has dimension J:

W, ~x% (2.46)

Step 2: Construction of the x> Quadratic Form for the Denominator

We define the chi-square variable based on the sum of squared residuals (SSR):

V=" N2 (2.47)

Step 3: Stochastic Independence

As demonstrated in Section 1.6.3, 3 (and hence m) is independent of the residual vector e (and hence s2)
under the normality assumption. Therefore, W, and V are independent.

Step 4: Definition of the F Ratio

By definition, an F variable is the ratio of two independent x? variables, each divided by its respective
degrees of freedom:

W,/J

"= vin-1

(2.48)

Substituting (2.45) and (2.47) into (2.48):
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m'[R(X'X)" 'R’ 'm
F = ffj;’ (2.49)
o2

Canceling the unknown parameter o2:

m'[R(X'X)"'R/]"'m

F:
s2-J

(2.50)
Recalling the definition of W in (2.42):

W
F=—
J

(2.51)

2.8 Confidence Intervals and Ellipsoidal Regions
2.8.1 Motivation

Point estimators, although unbiased, do not quantify the intrinsic uncertainty of the sampling process.
The Confidence Interval solves the problem of providing a set of plausible values for the population
parameter, based on the precision of the estimator.

Geometric and Spherical Interpretation:
Consider the parameter space RX.

1. Univariate Case: The CI is a line segment centered at the estimate.

2. Multivariate Case (Spherical Interpretation): Under the assumption that the parameter
estimates are independent and have the same variance (spherical errors), the joint confidence region
in R? is a circle centered at (51, f2).

3. Covariance and Slope: When there is covariance between the estimators (Cov(ﬁl, 32) #0), the
circle deforms into an ellipse. The slope of the principal axis of this ellipse is governed by the
covariance structure: if the correlation is positive, the ellipse tilts to the right; if negative, to the
left.

2.8.2 Formal Statement

Let (X1,...,X,) be a random sample fromA a population with parameter 0 € ©. We define the Confidence
Interval of level 1 — o as the random set C' = [L, U] such that:

POe[LU)=1-a (2.52)

where L and U are statistics (functions of the data).

Theorem (Confidence Interval for §;). Under the CNLRM assumptions:

ClLi_o(Bj) = Bj £ tn_r.as2 - se(B;) (2.53)

Theorem (Confidence Interval for Linear Combination). For ¢’3:

ClhL_o(c'B) =B+ tnori,a/2 - V52 (X'X) e (2.54)

Theorem (Joint Confidence Region). The joint confidence region of level 1 — « for f is:
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CA’joint = {ﬂ : (B - ﬂ)/(X/X)(B - ﬂ) S K : 82 : FK,an,lfoc} (255)

2.8.3 Formal Derivation (Univariate Case)

Auxiliary Lemma 4 (Distribution of the Sample Mean):
If X; ~ N(u,0?), then X ~ N(u,0?/n).

Definition of the Pivot Variable:

We define the standardized variable Z:

_ X
/NG

Note that the distribution of Z does not depend on p.
Step 1: Establishing the Central Probability

Z

N(0,1) (2.56)

Given a significance level a, we select the quantile z, /5 such that:

P(—242 < Z < zqp)=1—q (2.57)

Step 2: Substitution of the Pivot Variable
Substituting (2.56) into (2.57):

X—n
P (—Za/g S W S ZQ/Q) =1-« (258)

Step 3: Isolating the Parameter u
Multiplying all terms by the standard error o/\/n:

P(-Za/zjﬁgx—ugza/za> —1-a (2.59)

Subtracting X and rearranging:
pP(x T <pu<X+4zap—0—)=1 (2.60)
— Zaj2——= Zajo—= | =1—« .
a/2 n H = a/2 \/ﬁ

Conclusion: The interval C' = [)_( — za/gﬁ,)_( + za/gﬁ} is the 1 — « CI for p.

When o2 is unknown, we substitute Zo 2 With t,_q 4/, resulting in (2.53).

2.8.4 Generalization to Ellipsoidal Regions

When dealing with a vector 8 of dimension K, the probabilistic distance is measured via the Mahalanobis
quadratic form. Under the null hypothesis that £ is the true value, the Wald statistic W is:

W (B) = (B —B)[Var()] (B — B) ~ xk (2.61)

The joint confidence region is the set:
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Ciomt = {8 W(B) < Xic1_a} (2.62)

When 02 is unknown, we use s and the F' distribution, resulting in (2.55).

2.9 Joint Significance Test and the Algebra of Sums of Squares
2.9.1 Motivation

The concrete problem solved by the joint significance test is the collective validity of the regressors.
Frequently, individual variables may not be statistically significant in isolation (due to multicollinearity,
for example), but together they explain a relevant portion of the variance of the phenomenon. The test
seeks to answer: “Is the proposed model better than just using the sample mean to predict the dependent
variable?”

Geometric Interpretation in R":

In the sample space, the Total Sum of Squares (SST) represents the squared length of the vector of
observations centered at their mean. OLS decomposes this vector into two orthogonal components: the
Explained Sum of Squares (SSFE), which is the projection of the vector onto the subspace spanned by the
regressors, and the Residual Sum of Squares (SSR), which is the orthogonal distance of the vector to
the subspace. The R? is the squared cosine of the angle between the observed vector and its projection,
indicating the angular “proximity” between the data and the model.

2.9.2 Formal Statement

Consider the linear regression model y = X + ¢ with n observations and K parameters (including the
intercept). We define:

1. Total Sum of Squares (SST): SST =Y | (v — 9)*

2. Explained Sum of Squares (SSE): SSE = Z:L 1(33z 7)2.

3. Residual Sum of Squares (SSR): SSR = Z =1 é2, Where é =1y — Ui
4. Coefficient of Determination (R?): R? = =1- 238

SST SST
Decomposition Theorem: If the model contains an intercept, then SST = SSE + SSR.

2.9.3 Derivation of the I’ Statistic via R?
Step 1: Comparison between Restricted and Unrestricted Models

Let an unrestricted model (ur) with K parameters and a restricted model () with K — J parameters,
where J is the number of exclusion restrictions imposed (e.g., 8; = 0).

Proposition: R2 > R2 and SSR,, < SSR,.

Proof: The unrestricted OLS estimator minimizes the sum of squared residuals over the space R¥. The
restricted model minimizes the same function over a lower-dimensional subspace (K — J). Since the set
of solutions of the restricted model is contained in the set of the unrestricted model, the minimum value
attained by the unrestricted model will necessarily be less than or equal to that of the restricted model. [J

Step 2: Construction of the F Statistic via SSR

To test the joint validity of J linear restrictions:

~ (SSR, — SSRy,)/J
F = SSE ) (2.63)

Step 3: Construction of the F Statistic via R?
From the definition of R?: SSR,, = SST(1 — R?,) and SSR, = SST(1 — R?).
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Substituting into (2.63):

F = a (—R;%%:)/IE;)ZJK) ~Frn K (2.64)

Step 4: Special Case of Global Significance

In the test where Hy : B2 = 3 = --- = Sk = 0 (all slopes are zero), the restricted model is y = 81 +¢. In
this case, R2 = 0. Substituting into (2.64):

R?/(K —1)
F— ~ Fr g 2.65
RN S M (209
2.10 Summary of Test Statistics
Hypothesis Statistic Distribution Degrees of Freedom
—
Hoiﬁj :5JO t= ﬂj(/@ﬂj) th—K n—K
se(Pj
Hy : RS = q (with o2 W=m'V,m X5 J
known)
Hy:RB=q (witho? F=2/7 Fin_k J, n—K
unknown)
Hy:fy=-=Px=0 F=gihi-ts Fr 1 x K-1n-K

2.11 Role of Assumptions

1. Normality of Errors (Assumption 2.1): Indispensable to guarantee that test statistics follow
exact distributions in finite samples. Without normality, ¢, F'; and W have only asymptotic validity.

2. Full Rank (Assumption 2.2): Indispensable to guarantee the identifiability of parameters and
the invertibility of (X'X), necessary for computing variances.

3. Rank of Restrictions (Assumption 2.4): Indispensable to guarantee that the matrix
R(X’'X)~!'R/ is invertible, allowing the calculation of the Wald and F statistics.

4. Sphericity (E[ee’] = 0?I): Simplifies the variance structure, allowing closed-form statistics. Under
heteroskedasticity, formulas require robust adjustments.

5. Homoskedasticity: Indispensable for the relationship F' = W/J. If the variance were heteroskedas-
tic, the term Var(m|X) would involve the matrix €2, preventing the isolation of the scalar s?> and
breaking the identity.

6. Presence of Intercept: Necessary for the decomposition SST = SSE + SSR. If the intercept is
omitted, SST is not comparable, making the statistic based on R? mathematically invalid.

Chapter 3: Heteroskedasticity
3.1 The Heteroskedasticity Problem

3.1.1 Motivation and Geometric Interpretation

The Ordinary Least Squares (OLS) estimator is built upon the premise that errors possess constant
variance — the so-called homoskedasticity. Heteroskedasticity arises when this variance is not
uniform but varies systematically with the explanatory variables.
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In empirical contexts, this situation is frequent. When modeling savings as a function of income, for
example, higher-income families exhibit much greater dispersion in their saving habits than low-income
families — the uncertainty about behavior increases with the level of the variable itself.

Geometric Interpretation in R?:
In a scatter plot (X,Y):

¢ Under homoskedasticity, the cloud of points exhibits uniform thickness around the regression
line.

e Under heteroskedasticity, this cloud assumes a cone or fan shape: the vertical dispersion of
residuals expands as we move along the X axis.

The OLS estimator fits the line through the center of this cloud but assigns equal weight to all observations
— ignoring that points in regions of high dispersion are less precise informants about the location of the
true line than those in regions of low dispersion.

3.1.2 Classical Assumptions and Their Roles
Assumption 3.1: Linearity in Parameters

e Role: Ensures that the population relationship is expressed as a linear combination of fixed
parameters and an additive error, enabling the OLS estimator.

« Counterexample: If the model is intrinsically non-linear (e.g., Y = eX - u), OLS fails to capture
the curvature, generating systematically biased residuals.

Assumption 3.2: No Perfect Multicollinearity

o Role: Ensures that X has full rank, enabling the inversion of (X’X) and the unique identification
of parameters.

o Counterexample: If X; = 2X;, there are infinitely many lines that minimize the sum of squares,
making 5 non-identifiable.

Assumption 3.3: Strict Exogeneity (E[u|X] = 0)

e Role: Ensures that the error does not carry systematic information correlated with the regressors
— a fundamental condition for the unbiasedness of OLS.

o Counterexample: With endogeneity (E[u|X] # 0), the estimator absorbs into § effects belonging
to the error, generating bias even in infinite samples.

Assumption 3.4: Heteroskedasticity (E[uu’|X] = Q)

e Role: Replaces the homoskedasticity assumption. The matrix 2 is diagonal with elements
diag(Q) = {0?,...,02} not necessarily equal.

o Counterexample: Erroneously assuming E[uu’|X] = o2I produces incorrect standard error
formulas, invalidating all significance tests (¢ and F).

3.1.3 Formal Statement of the Problem
Consider the linear population model in matrix notation:
y=X8+u (3.1)

where y € R", X € R"*¥ with rank(X) = k < n, 8 € R¥, and u € R". Conditionally on X, we assume:
1. E[u|X] = 0 (strict exogeneity);
2. E[uu'|X] = Q = diag(c?,...,02) (heteroskedasticity).

The OLS estimator is given by:

B =(X'X)"'X'y (3.2)
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A

Objective of this section: To demonstrate that, under heteroskedasticity, S remains unbiased and
consistent, but:

o the classical formula 0?(X’X)~! becomes invalid for the variance;
o the estimator ceases to be the Best Linear Unbiased Estimator (BLUE).

3.1.4 Formal Derivation of Consequences

Step 1: Decomposition of the Estimator
Substituting (3.1) into (3.2) and using (X'X)~}(X'X) = I;:
B=p8+(X'X)"X'u (3.3)
Step 2: Unbiasedness
Applying the conditional expectation in (3.3) and using Assumption 3.3:
EBX] = 5+ (X'X)"'X' Eu[X] = (3-4)

Partial conclusion: OLS is unbiased under heteroskedasticity — the variance of the errors does not affect
the mean of the estimator.

Step 3: True Variance — Sandwich Form
For an unbiased estimator, Var[3|X] = E[(8 — 8)(8 — 8)'|X]. From (3.3):
B—pB=(XX)"'X"u (3.5)
Computing the outer product and extracting the deterministic terms:
Var[4]X] = (X’X) !X’ E[uu’|X] X(X'X) "}

Substituting Assumption 3.4:

Var[3|X] = (X'X) "' X'QX(X'X) ! (3.6)

This is the sandwich form of the true variance of the OLS estimator.
Step 4: Invalidity of Classical Inference

Classical inference assumes E[uu’|X] = ¢%I. Substituting into (3.6):

Var lassical [B|X] = 0'2 (X,X) -1

If 2 # o1, this expression is not the correct variance estimator. Since the ¢ and F statistics depend on
the standard errors in the denominator, using the classical formula under heteroskedasticity produces
biased tests, leading to incorrect conclusions about significance.

3.1.5 Synthesis of the Role of Assumptions

o Strict exogeneity (E[u|X] = 0) was indispensable for guaranteeing unbiasedness in (3.4).
« Homoskedasticity is the assumption that “fails” in this context: without it, OLS loses efficiency
within the BLUE class (the Gauss-Markov Theorem no longer applies), making it necessary to use:
— robust standard errors (EHW estimator) for valid inference; or
— the Generalized Least Squares (GLS) estimator to recover efficiency.
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3.2 The Eicker-Huber-White (EHW) Estimator
3.2.1 Motivation and Geometric Interpretation

Although B remains unbiased and consistent under heteroskedasticity, the classical variance formula
0?(X’X) ! fails to capture the true uncertainty — typically underestimating standard errors and inflating
t-statistics, leading to false positives in significance tests.

The Eicker-Huber-White (EHW) estimator solves this problem by allowing each observation to
have its own variance, providing a robust basis for inference without requiring knowledge of the
functional form of heteroskedasticity.

Geometric Interpretation in R":

The EHW estimator can be interpreted as a non-parametric reconstruction of the ellipsoid of uncertainty
around B . Instead of assuming that this ellipsoid is a uniform hypersphere (homoskedasticity), the EHW
estimator estimates its irregular shape using the squared OLS residuals as a local proxy for the variance
of each observation.

3.2.2 Specific Assumptions of the EHW Estimator
Assumption 3.5: Contemporary Orthogonality (E[x;u;] = 0)

e Role: Minimum exogeneity condition for OLS consistency. Ensures that the regressors do not carry
systematic information about the error.

o Counterexample: With endogeneity (E[x;u;] # 0), the estimator converges to a value distinct
from 8 — no variance correction recovers the validity of inference.

Assumption 3.6: Independence between Observations (E[u;u;|X] =0 for i # j)

¢ Role: Ensures that 2 is diagonal. The EHW estimator only needs to estimate the n individual
variances o?.

e Counterexample: With autocorrelation or spatial dependence, the off-diagonal elements of 2
are non-zero. The EHW estimator, by ignoring them, becomes inconsistent — requiring clustered
standard errors (Arellano) or Newey-West.

Assumption 3.7: Finite Fourth-Order Moments (E[u}x;x}] < c0)

¢ Role: Technical condition for the Law of Large Numbers and the CLT to apply to the quadratic
product u?x;x}.

o Counterexample: With excessively heavy-tailed distributions (e.g., Cauchy), the variance of the
variance estimator is not well-defined, preventing convergence of the robust estimator.

3.2.3 Formal Statement
Consider the linear model y = X + u with § = (X’X)"'X’y. Under E[u|X] = 0 and E[uu/|X] = Q =

A

diag(o?,...,02), we wish to construct an estimator Var[3] such that:

plim (n @[B]) = Avar [\/E(B - ﬂ)}

3.2.4 Formal Derivation of the EHW Estimator
Step 1: Decomposition of the Estimation Error

From the definition of OLS:
B—p=XX)"'X"u (3.7)

Step 2: Asymptotic Scaling
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Premultiplying (3.7) by /n:

vt = (2X) 7 (X (3.9

Step 3: Central Limit Theorem for the Score
Let w; = x;u; with E[w;] = 0 (Assumption 3.5). By the multivariate CLT (under Assumption 3.7):

1 n
= xu; % N(0, %) (3.9)
nia
where the variance matrix of the score is:

Y= plim( Zu XiX; ) Blu?x;x}] (3.10)

Step 4: Asymptotic Variance — Sandwich Form
Let Q = plim(X'X/n) = E[x;x}]. By Slutsky’s Lemma applied to (3.8):

Avar|[vVa(B - B)| =@ 'mQ ! (3.11)

¥ is the “filling” and Q™! are the “bread slices” of the asymptotic sandwich structure.
Step 5: Estimation of 3 by White’s Estimator

Since u; is unobservable, White (1980) proposed replacing it with the OLS residual @; = y; — x;B:

s .

:M—‘

The consistency of 3 follows from:

« 35

« expansion ; = u; — X,(6 — f);

e the second- and third-order terms involve (3 — 8) £ 0, and the adjacent sums are O,(1) by the
finiteness of fourth-order moments (Assumption 3.7).

Therefore:
plim(2) = = (3.13)

Step 6: Final Robust Estimator

Substituting the sample analogs into (3.11) and undoing the scaling by n:

\//YBE'EHVV[B] (Zu X;X > )_1 (314)

This is the expression for the robust variance-covariance estimator HCO of White (1980).
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3.2.5 Role of Assumptions in the EHW Estimator

Independence between observations (Assumption 3.6) was indispensable for ensuring that ¥ depended
only on the contemporaneous products u?x;x;. With autocorrelation or spatial dependence, the covariance
terms Elu;u;x;x] (i # j) would be non-zero, and the estimator (3.12) would be inconsistent for the true
variance — requiring alternatives such as clustered standard errors (Arellano) or Newey-West.

3.3 Asymptotic Properties of the EHW Estimator
3.3.1 Motivation

In large samples, it is not necessary for the errors to be normally distributed to perform valid inference.
The asymptotic challenge that the EHW estimator solves is the construction of correct hypothesis tests
when the error variance is unknown and potentially heteroskedastic.

Geometric Interpretation:

The sampling distribution of B is a cloud of points that contracts as n grows (consistency). When scaled
by y/n, this cloud converges to a Normal distribution. The EHW estimator allows us to accurately
calculate the “width” (variance) of this Normal even when the dispersion of the original data is irregular
— ensuring that confidence intervals and t-tests do not distort the true precision of the estimate.

3.3.2 Asymptotic Assumptions
Assumption 3.8: i.i.d. Sampling of (x;,y;)

o Role: Enables the direct application of the Weak Law of Large Numbers (WLLN) and the CLT in
their classical forms.

o Counterexample: With temporal dependence (autocorrelation), the sums do not converge to the
simple expectations, requiring Newey-West corrections or time series approaches.

Assumption 3.9: Finite Fourth-Order Moments (E[||x;||*] < co and E[u}] < 00)

« Role: Ensures that the variance of u?x;x/ is finite, allowing the sandwich filling to converge in
probability to the population value.

o Counterexample: With heavy-tailed distributions (e.g., Cauchy), the mean squared error does
not converge, making the robust standard error unstable.

Assumption 3.10: Non-Singular Moment Matrix (Q = E[x;x}] positive definite)

« Role: Ensures that the regressors are not asymptotically collinear, guaranteeing that Q! exists
and that 8 remains identified in the limit.

e Counterexample: If a regressor becomes constant or asymptotically collinear, the variance of the
estimator explodes to infinity.

3.3.3 Formal Statement

Under i.i.d. sampling, finite fourth-order moments, and contemporaneous exogeneity (F[x;u;] = 0), the
OLS estimator 3, = (X'X)"'X'y and the robust estimator Vargaw = (X'X) (3, a2x;x}) (X'X)~?
satisfy:

1. Consistency: BAH 58
2. Asymptotic Normality: /n(5, — ) 4 N(0,Vg), where Vg = Q~'xQ~!

—

3. Consistency of the Robust Estimator: plim(n Varguw) = Vg
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3.3.4 Formal Derivation
Step 1: Consistency of 3,

We write the estimation deviation in scaled form:

. 1 AR
Brn— B = (n ;X1X2> (n ;&%) (3.15)
By Khinchin’s WLLN (under Assumption 3.8):
1 ixix; % Q, 1 ixiui 2y Elxu;] =0
= nia
By the Continuous Mapping Theorem applied to (3.15):

plim(3, -8)=Q ' 0=0 = 43,58

Step 2: Asymptotic Distribution
Premultiplying (3.15) by /n:

5 1 1
Vn(B, —B) = (n ;xlx;> (n ; xiui> (3.16)
By the Multivariate CLT (under Assumptions 3.8 and 3.9):
\}ﬁixiuiiN(Qz)a ¥ = Blux;x]]
i=1
By Slutsky’s Lemma, combining Qn LN Q and the convergence in distribution of the score:
Vil — ) % N(0.Q'EQ) (3.17)

Step 3: Consistency of the Filling (2 LN

N

White’s estimator for the filling is 3 = % >, 4x;x}. Expanding @; = u; — x;(3, — f):

N PN

i = uf = 2ux}(Bn = B) + (B — B)'xix}(Bn — B)
Upon substituting into the sample sum:

« The first term converges by the WLLN: 1 3~ u?x;x] L}

« The second- and third-order terms involve (3, — 3) £ 0, and the adjacent sums are O, (1) by the
finiteness of fourth-order moments (Assumption 3.9).

Therefore:

plim(2) = = (3.18)

Step 4: Consistency of the Robust Variance

Rewriting n Varggw in scaled form:
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_ XX\ xrx\ !
’I’LV&I‘EHW:(n) E(n)

By the Continuous Mapping Theorem, combining Qn 2 Qand pIRELS HF

plim(n Vargaw) = Q 'SQ ! = Vj (3.19)

3.3.5 Role of Assumptions in Asymptotic Properties

The finiteness of fourth-order moments (Assumption 3.9) was indispensable in Step 3. Without it,
the WLLN cannot be applied to the product u?x;x/, preventing the convergence of 3 to the population
value and invalidating all asymptotic inference.

i.i.d. sampling (Assumption 3.8) ensures that sample means converge to population expectations. With
dependence, the covariance structure of the score becomes more complex, requiring robust methods for
time series or panel data.

3.4 Hypothesis Testing with the EHW Estimator

3.4.1 Motivation and Geometric Interpretation

The Wald test addresses the problem of simultaneously testing multiple linear hypotheses about 8 (e.g.,
1 = 0 and B2 = 1). Instead of evaluating each parameter in isolation, it measures the statistical
distance between the unrestricted estimator 8 and the constraint space imposed by the null hypothesis.

Geometric Interpretation in RF:

A

[ is a point in the parameter space; the null hypothesis defines a linear subspace (hyperplane) of dimension
k—q. If Hy is true, B should be “close” to this hyperplane. The distance, however, is not Euclidean — it
is weighted by the uncertainty of the estimator. Under heteroskedasticity, the confidence ellipsoid around
f has irregular axes; the EHW estimator correctly estimates the curvature of this ellipsoid, ensuring that
the Wald distance reflects the true precision of the data.

3.4.2 Assumptions of the Test
Assumption 3.11: Independent Linear Restrictions (Hy: RS =r)

« Role: Defines ¢ simultaneous linear conditions with R € R7*¥ of full row rank (rank(R) = q).
o Counterexample: If rank(R) < ¢, the restrictions are redundant or contradictory, making
(RVR/) singular and the statistic undefined.

Assumption 3.12: Consistency of the EHW Estimator

e Role: Ensures that the weighting matrix of the Wald quadratic form converges to the true
asymptotic variance Vg.

e Counterexample: With autocorrelation or violation of the EHW assumptions, the estimator
converges to an incorrect matrix, causing the statistic W not to follow the X?] distribution, invalidating
the test.

Assumption 3.13: Asymptotic Normality of \/H(B - B)

« Role: Allows the quadratic form of the Wald statistic to converge to a x? distribution in large
samples.

¢ Counterexample: Without finite fourth-order moments, the CLT fails and the Wald statistic may
exhibit heavy-tailed distributions, inflating false rejection rates.
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3.4.3 Formal Statement
Under heteroskedasticity E[uu’|X] = Q = diag(c?), we wish to test:

Hy:RB-r=0 (3.20)
where R € R?** with rank(R) = q and r € R%. The robust Wald statistic is:

-1

W= (RS —r) [R Vargmw 4] R’} (RS —r1) (3.21)

Objective: To prove that, under Hy, W 4, x§ as n — 0o.

3.4.4 Formal Derivation

Auxiliary Lemma (Quadratic Forms of Gaussian Vectors): If z ~ N(0,3) with ¥ non-singular,
then 2’371z ~ Xzim(z)'

Step 1: Asymptotic Behavior of the Discrepancy Vector
Under Hy, substituting r = Rj:

RB—r=R(3-p) (3.22)
Premultiplying by /n:
Vi(RA ~ 1) = R [va(5 - 8)] (3.23)

Step 2: Limiting Distribution of the Discrepancy Vector

By the asymptotic normality of \/n(3 — ) proved in (3.17), and by the property of linear transformations
of Gaussian vectors:

Vi(RA —1) % N(0, RV4R)) (3.24)

Step 3: Consistency of the Weighting Matrix

Defining V,, = n\7a\rEHW [B], by the consistency proved in (3.19) and the Continuous Mapping Theorem:

plim(RV,R’) = RV4R’ (3.25)
Step 4: Asymptotic Formulation of the Wald Statistic
Rewriting (3.21) with the scaling factor n balanced:
~ / N Al ~
W= [\/H(RB - r)] [RV,LR ] [\/E(RB —1) (3.26)

By Slutsky’s Lemma, combining the convergence in distribution of (3.24) and the convergence in
probability of (3.25):

WL 2 [RVsR] 'z, 2z~ N0, RV4R)) (3.27)

Step 5: Convergence to

Applying the Auxiliary Lemma directly to (3.27), since RVsR’ has full rank ¢:
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(3.28)

3.4.5 Role of Assumptions

The full rank of R (rank(R) = ¢) is indispensable. Without it, the matrix RV gR' would be singular, its
inversion in (3.26) would be undefined, and the Wald statistic would not be mathematically well-posed.

3.5 The Inference Dilemma: \? versus F Distribution

The choice between critical values from the x? distribution or the F distribution reflects the balance
between pure asymptotic theory and finite-sample performance.

Algebraic Relationship between W and F:

The two statistics maintain the direct identity:

w
F=—

q
where ¢ is the number of restrictions. In the classical framework (homoskedasticity and exact normality),

W/q follows strictly Fy, ,—x. Under heteroskedasticity, the exact distribution of W/q in finite samples is
unknown, but its asymptotic limit converges to xﬁ /q.

Why does asymptotic theory point to x2?

There is no theorem guaranteeing that the Wald statistic computed with robust standard errors follows
an F' distribution in small samples with heteroskedasticity. As n — k — oo, the F,,_ distribution
multiplied by g converges exactly to X<21 — in large samples, the two approaches produce numerically
identical conclusions.

Why does practice use the F' distribution?

The F distribution has heavier tails than the x2. For the same significance level a, its critical values are
larger, generating more conservative p-values. This offers practical protection against false positives when
n is not sufficiently large to guarantee complete asymptotic convergence of White’s estimator. In other
words: if the choice between F' and y? materially alters the rejection decision, this is a sign that the
asymptotic approximation of the EHW estimator is fragile in that sample — making the more cautious
stance provided by the F' distribution the prudent recommendation.

3.6 Generalized Least Squares (GLS) Estimator
3.6.1 Motivation and Geometric Interpretation

The Ordinary Least Squares (OLS) estimator is built under the assumption of spherical errors (constant
variance and no serial correlation). In real data, however, observations often exhibit heterogeneous
variances (heteroskedasticity) or stochastic dependence (autocorrelation). In these scenarios, OLS loses
its efficiency property within the class of linear unbiased estimators, although it remains unbiased and
consistent.

The Generalized Least Squares (GLS) estimator resolves this inefficiency. Instead of assigning the same
mathematical weight to all observations, GLS incorporates the structure of the population covariance
matrix of the errors to transform the original system, applying weights inversely proportional to the
variability and codependence of each observation.

Geometric Interpretation in R":

Geometrically, OLS orthogonally projects the data vector y onto the column space of X, denoted C(X),
under the standard Euclidean metric. Under non-spherical errors, the uncertainty region around y ceases
to be a hypersphere and assumes the shape of an ellipsoid in R".
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GLS acts by applying a linear transformation through a weighting matrix that rotates and rescales the
axes of the data space. This operation deforms the error ellipsoid, converting it into a unit hypersphere
compatible with the classical Gauss-Markov assumptions. The standard orthogonal projection is then
performed in this transformed space.

3.6.2 Assumptions of GLS
Assumption 3.14: Linearity and Full Rank

¢ Role: Defines the population structural relationship y = X/ + u and ensures that the transformed
sample moment matrix is invertible, guaranteeing the unique identification and computability of 5.

o Counterexample: If rank(X) < k, there is perfect multicollinearity. The column space C(X)
exhibits dimensional redundancy, generating infinitely many solutions to the minimization problem
and rendering the estimator undefined.

Assumption 3.15: Strict Exogeneity (E[u|X] = 0)

e Role: Ensures that the conditional error has zero mean for any realization of X, being the
fundamental pillar for unbiasedness in finite samples.

o Counterexample: If F[u|X] # 0, the estimator will absorb into the vector 3 systematic effects
belonging to the noise, generating bias in finite samples and asymptotic inconsistency.

Assumption 3.16: Generalized Covariance Matrix (E[uu’|X] = 02Q)

¢ Role: Determines the stochastic structure of the errors, where €2 is an n X n symmetric positive
definite (SPD) matrix.

o Counterexample: If Q is not positive definite, it will be singular (having at least one zero
eigenvalue), implying the existence of a linear combination of errors with zero variance — a
deterministic error. This precludes the existence of Q7! necessary for GLS computation.

3.6.3 Formal Statement and Derivation

3.6.3.1 Formal Statement Consider the linear population model in matrix notation:

y=XB+u (3.29)

where y € R", X € R"** with rank(X) = k, 8 € R¥, and u € R”. Conditionally on X, we assume:

1. EulX]=0
2. E[uu’|X] = 02§, with £ symmetric and positive definite.

The Generalized Least Squares estimator is defined by:

Bors = (X'Q'X)7'X'Q 1ty (3.30)

Objective: To demonstrate, via linear transformation of the model, that ﬂ}; s is unbiased and to derive
its exact finite-sample variance-covariance matrix.

3.6.3.2 Formal Derivation Step 1: Factorization of the Covariance Matrix

Since € is symmetric and positive definite, its inverse 2! shares the same properties. By the Cholesky
decomposition, there exists a non-singular square matrix P of dimension n x n such that:

Q'=PP (3.31)

From this factorization, the sphericity property follows:
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PQP' =P(P'P)"'P'=PP '(P)'P' =1, (3.32)

Step 2: Linear Transformation of the Model
Premultiplying the structural equation (3.29) by P:

Py =PX5+Pu (3.33)

Defining the transformed objects:
y* =Py, X* =PX, u* =Pu (3.34)

we obtain the transformed model:
y ' =X*"g+u" (3.35)

Step 3: Verification of Gauss-Markov Conditions in the Transformed Model
Conditional mean:
Eu*X]=PEuX]=0 (3.36)

Conditional variance:

Var[u*|X] = P E[ud/|X] P’ = P(c’Q)P’ = ¢*(PQP’)

Applying identity (3.32):

Var[u*|X] = ¢’I, (3.37)

Partial conclusion: The transformed model (3.35) satisfies the Gauss-Markov conditions of homoskedas-
ticity and no serial correlation.

Step 4: Application of OLS to the Transformed Model

Once the classical assumptions hold for (3.35), OLS applied to this model is the Best Linear Unbiased
Estimator (BLUE):

B = (XXX y" (3.38)
Step 5: Return to the Original Variables
Substituting the definitions (3.34) into (3.38):
fers = [(PX)'(PX)]"!(PX)'(Py) = [X'P'PX]"'X'P'Py
Applying the factorization P'P = ©~! from (3.31):
BGLS — (Xlﬂflx)flxlﬂfly

which coincides with the statement (3.30). O
Step 6: Finite-Sample Variance

Since Bars operates as OLS on the transformed model, its conditional variance is given directly by the
classical formula applied to spherical variables:
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Var[Bars|X] = o?(X* X*)~*

Substituting X* = PX and applying factorization (3.31):

Var[Bars|X] = o?[X'P'PX]| ™! = o?(X'Q71X)7! (3.39)

3.6.4 Relative Efficiency: The Generalized Gauss-Markov Theorem

3.6.4.1 Statement of the Theorem We will formally prove that BG Ls is strictly more efficient than
OLS (Sors) under non-spherical errors. This is equivalent to proving that the difference between their
variance-covariance matrices is positive semidefinite (PSD):

A = Var(Bors|X) — Var(Bgrs|X) = 0 (3.40)

3.6.4.2 Formal Derivation Notation and Preliminary Lemmas:

1. Lemma 1 (Spectral Decomposition): Since Q is SPD, there exists a unique SPD matrix Q'/2
such that Q12012 = @ and Q~1/2Q"1/2 = QL.

2. Lemma 2 (Inversion of Inequalities): For two SPD matrices A and B, A = B <= B 1= A1

3. Lemma 3 (Projection Matrix): The matrix Pz = Z(Z'Z)~'Z’ is symmetric and idempotent
(P2 = Py), and its complement My = I — Py is also symmetric and idempotent, hence PSD.

Step 1: Expression of the Variances
The variance of the OLS estimator under non-spherical errors is:
Var(Bors|X) = o?(X'X) 1 X'QX(X'X) ! (3.41)

The variance of the GLS estimator is:

Var(Bars|X) = o?(X'Q71X) 7! (3.42)
Step 2: Comparison of Inverses
By Lemma 2, proving Var(BO Ls) = Var(BGLS) is equivalent to proving;:

[Var(Bars)] ™" = [Var(Bors)] ™" (3.43)

Substituting expressions (3.41) and (3.42) and simplifying o2:

X'Q71X = (X'X)(X'QX) " (X'X) (3.44)

Step 3: Identification of the Projection Matrix
Define the auxiliary matrices A = Q12X and B = Q'/2X.

We rewrite the terms of inequality (3.44):

X'Q1X =X'Q712Q712X = A'A (3.45)
X'X = X'Q7Y2QY2X = A'B (3.46)
X'QX = X'QY20Y?X = B'B (3.47)
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Substituting (3.45), (3.46), and (3.47) into inequality (3.44), the difference between the terms becomes:

A=AA—(A'B)(B'B)"'(B'A) (3.48)

Factoring A’ on the left and A on the right:

A =Al-B(B'B)"'BA (3.49)

Step 4: Proof of Positive Semidefiniteness

The term in brackets in (3.49) is exactly the annihilator matrix Mp = I — Pp, where Pp = B(B'B)™'B’
is the projection matrix onto the column space of B:

A= A'MpA (3.50)

Verification of properties of Mp:

1. Symmetry: My = (I —-Pg) =1 — P, =1— Pg = Msp.
2. Idempotence: MgMp = Mp.
3. Positive Semidefiniteness: For any vector v € R*, define z = Av. Then:

vVAv =0 A MgAv =2 Mgz (3.51)

Since Mp is idempotent and symmetric:

Y Mpz=2MpMpz = ||Mpz||* >0 (3.52)

Conclusion:

Since v'Av > 0 for any vector v, the matrix A is PSD. This proves that the inverse of the GLS
variance dominates the inverse of the OLS variance, confirming the superior efficiency of GLS. The SPD
assumption of © was indispensable for guaranteeing the existence of ©!/2 and the validity of the
orthogonal projection in the transformed space.

3.6.5 Asymptotic Properties of GLS

3.6.5.1 Asymptotic Statement In finite samples, GLS requires complete knowledge of the parametric
structure of £2. Under usual regularity conditions, as n — oo the GLS estimator satisfies:

1. Consistency: plim(BGLs) =0
2. Asymptotic Normality: /n(BaLs — 8) % N(0, *Qgyrs)

3.6.5.2 Formal Derivation Step 1: Formulation of the Estimation Deviation

Substituting y = X3 + u into (3.30) and canceling the term (X'Q~!X)"}(X'Q71X) = I;:

Bars — B = (X'Q7'X)'X'Q ' (3.53)
Step 2: Consistency
Normalizing (3.53) by n:
" X'Q X\ ' /X'Q'u
foss = (KXY (XA .

By the Weak Law of Large Numbers, under regularity conditions:
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X'Q 11X 1 <& /
lim — lim = E Flxixi]=Q 3.55
P ( n ) e n = iy ] GLS ( )

where Q¢ s is finite and positive definite. For the average score, by strict exogeneity:
X/Q—l
plim (“) = E[xiul] =0 (3.56)
n
By the Continuous Mapping Theorem applied to (3.54):

plim(Bars — ) = Qgrs - 0=0 = fBors =3 (3.57)

Step 3: Asymptotic Distribution
Premultiplying (3.53) by /n:

ViBers - B) = (X”X) (X/“_l“) (3.58)

n \/ﬁ
For the rescaled score vector w, = —= S " x*u*, its exact conditional variance is:
vn =1 "1

1 X'Q 11X
Var[w,|X] = —X'Q ' E[ud/|X]Q'X = ¢? ()
n

n

which converges to 02Qgrs. Under finite fourth-order moment conditions, the Multivariate Central Limit
Theorem provides:

X'Q tu
~— 2 N(0, 0°Qqrs) (3.59)

Step 4: Application of Slutsky’s Lemma
Combining (3.55) and (3.59) into (3.58) via Slutsky’s Lemma:

Vn(Bars — B) 4 Qgrs - N (0, 0°Qers)

By the property of linear transformations of Gaussian vectors:

VilBars — B) % N (0, 0*°QgLs) (3.60)

3.6.6 Role of Assumptions in GLS Properties

The symmetry and positive definiteness of Q (Assumption 3.16) are the formal core of the entire
derivation. Without them:

o the factorization PP = Q~! is undefined or generates a singular transformation matrix;
e mapping to the spherical space becomes impossible;
o the inversion of the moment matrix in (3.39) loses validity.

The asymptotic full rank of Q¢ s is indispensable for the validity of matrix inversion in the limit. If
Q¢ s were singular, the asymptotic variance would be undefined, invalidating inference in large samples.
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3.7 Feasible Generalized Least Squares (FGLS) and the Relationship with
EHW

3.7.1 Motivation and Geometric Interpretation

The Generalized Least Squares (GLS) estimator is an idealized theoretical construction: it requires full
knowledge of the population variance-covariance matrix €2, a condition rarely met in empirical data. The
Feasible Generalized Least Squares (FGLS) estimator addresses this practical limitation by substituting
the unknown matrix € with a consistent estimator €2 = Q(é), constructed from the residuals of an initial
parametric specification estimated by OLS.

Comparative Geometric Interpretation:
Imagine the uncertainty cloud of the original data in R™ as an elongated ellipsoid due to heteroskedasticity.

o GLS/FGLS applies a linear transformation that “spherifies” this deformed cloud back to a perfectly
spherical geometry before projecting the vector y onto the column space of X.

« EHW accepts the standard Euclidean projection of OLS onto the original elliptical cloud and
merely inflates or rotates the axes of the confidence ellipsoid of o1 s so that the reported confidence
intervals are not misleadingly narrow.

Fragility of FGLS in Finite Samples:

While theoretical GLS is guaranteed to be the Best Linear Unbiased Estimator (BLUE) in finite samples,
FGLS loses the unbiasedness property in finite samples due to the randomness introduced by the
estimation of 8. Under small samples or if the heteroskedasticity structure is misspecified, FGLS may
exhibit sample variance significantly greater than that of ordinary OLS, becoming inefficient.

Crucial Distinction between FGLS and EHW:
EHW does not constitute a variant or subclass of GLS:

o The GLS/FGLS framework acts directly on the core of the estimator, altering the coefficient
vector 5’ to extract efficiency gains through orthogonal reweighting of the data.

« EHW preserves the OLS estimate vector intact — accepting its inefficiency under non-spherical
errors — and merely corrects the variance-covariance matrix ex-post, ensuring only that inference
remains asymptotically valid.

3.7.2 Assumptions of FGLS
Assumption 3.17: Structural Consistency of the Variance Estimator (plimfl =)

e Role: Ensures that, as the sample size grows, the estimated matrix Q collapses onto the true
population structure, allowing FGLS to recover the equivalence and asymptotic efficiency of idealized
GLS.

o Counterexample: If the parametric function chosen to model the variance is incorrect (e.g.,
modeling heteroskedasticity as linear when it is exponential), Q will converge to an erroneous
matrix, and asymptotic FGLS will be less efficient than simple OLS.

Assumption 3.18: Strict Exogeneity (E[u|X] = 0)

e Role: Indispensable condition for ensuring FGLS consistency. Unlike ordinary OLS — which
requires only contemporaneous orthogonality F[x;u;] = 0 for consistency — the linear transformation
applied by FGLS mixes residuals and regressors from different observations.

o Counterexample: In time series models with lagged dependent variables (e.g., autoregressive
models), the errors are orthogonal to contemporaneous regressors but correlated with future
regressors. In this scenario, OLS with EHW correction remains consistent, while FGLS becomes
severely inconsistent.
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3.7.3 Formal Statement and Derivation

3.7.3.1 Formal Statement Consider the linear population model:

y=Xg8+u (3.61)

where E[u|X] = 0 and Var[u|X] = ¢2€2(0), with § € R? containing the unknown variance parameters.
The FGLS estimator is defined by:

Brers = (X'Q'X) ' X'Q 1ty (3.62)

where € = 2(0) and 6 is a consistent estimator such that § £ 6.
Objectives:

1. Demonstrate the asymptotic equivalence between BFG s and BGLS~

2. Prove by algebraic contradiction that EHW cannot be mapped as a special case of GLS reweighting.
3.7.3.2 Formal Derivation Step 1: Decomposition and Scaling of the Estimation Error

Substituting y = X8 + u into (3.62):

Brers =B+ (X'Q1X) ' X'Q 'u

Multiplying by +/n:

Vi(BraLs — B) = (X/Q_lx) (X/Q_1u> (3.63)

Step 2: Application of Slutsky’s Lemma
Since 6 £ 9, the Continuous Mapping Theorem guarantees that Q-1 2 01 We evaluate the limits:

1. By the Law of Large Numbers:

. (XQX . (X'Q7'X
plim (n) = plim (n) = Qq¢Ls (3.64)

2. By the consistency of Q and strict exogeneity:

X'Qa X' 'u
NG NG

By Slutsky’s Lemma, the asymptotic distribution of FGLS converges exactly to that of theoretical
GLS:

%0 (3.65)

Vi(Brars — B) 5 N (0, 02Qglg) (3.66)

Partial Conclusion: The equivalence and efficiency of FGLS are strictly asymptotic properties. In
finite samples, Var|[Srgrs|X] # 0?(X’Q71X)~! due to the remaining sample variance from 6.
Step 3: Algebraic Distinction of EHW

The EHW estimator (HCO) is defined by:

n

Vargrw = (X'X) ™! (X’q%x) (X'X)"!, & =diag(a?,...,a2) (3.67)

47



Proof by Contradiction: Suppose EHW is identical to a GLS estimation with arbitrary weight matrix W.
Then the coefficient estimator should be:

Bpnw = (X'WIX) ' X'Wly (3.68)

But by definition, the estimator that accompanies the EHW matrix is ordinary OLS:

Benw = Pors = (X'X) "' X'y (3.69)

For (3.68) and (3.69) to be algebraically identical for any y, the equality of operators requires:

(X/W71X)71X,W71 _ (X/X)71X/

This identity is satisfied if, and only if, W = ¢2I,, (pure homoskedasticity). Under heteroskedasticity,
there is no W # ¢2I,, that preserves the OLS estimator. This proves that EHW operates exclusively as
an ex-post inference correction, and not as an efficient reweighting of the data.

3.8 Inference Foundation: x? versus F in Each Framework
3.8.1 Unified Definition of the Wald Statistic

Under the null hypothesis of ¢ linear restrictions Hy : RS — r = 0, with rank(R) = ¢, the Wald statistic
is:

W= (Rj —r) {R@(B)R/] T RA-1) (3.70)

3.8.2 The EHW Scenario: Purely Asymptotic Inference

In the EHW scenario, we maintain 3 = Bors and \//5"(,3) = @EHW.

3.8.2.1 Convergence to x?, Under Hy:

Rpors —r =R(Bors — B)

Multiplying by 1/n and invoking the CLT:

ViRBors — B) % N (0, RV ggwR/)

Since plim(n\//a\rEHW) = Vegw, Slutsky’s Lemma provides:

W = x (3.71)

q

3.8.2.2 Limitation in Finite Samples Under EHW with generic heteroskedasticity, the exact
distribution of (3.70) in finite samples is completely unknown. There is no mathematical proof that
the denominator of the sandwich form is distributed as a Chi-square independent of the numerator.

Practical Note: The practice of computing F' = W/q and testing against Fj, ,,_x in the
EHW context is a heuristic and conservative approximation for small samples, lacking
support in finite-sample theory.

3.8.3 The GLS Scenario: Exact Finite-Sample Inference

In theoretical GLS, the data are filtered by P, restoring sphericity.
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3.8.3.1 Derivation of the F' Statistic
1. In the transformed model y* = X*3 + u*, we assume normality: u* ~ N(0,0%I,).

2. Under normality: .
Bors ~ N (B, o*(X'Q71X) ™)

3. The restriction error is:
m = Rfgrs —r ~ N (0, *R(X'Q7'X)"'R/)
4. The normalized quadratic form:

Wo: _ (Rfgrs —1) [ROX'QTX) 'R (Rfrs —1) X (3.72)
q g o2 , .

5. The estimator of o2 is:

0, G0k (n — k)s2
s2,g= Gis_ gLS — > GLS ., 42 (3.73)

6. By independence between numerator and denominator (property of orthogonal projections under
normality):

W,o/qg  (Rbers —r) [RX'Q'X)'R'] ™ (Rfrs — 1)

F= = (3.74)
Sers/0” 4 sGLs
7. Conclusion:
F~ Fyopr (3.75)
3.8.4 Comparative Summary of Inference Environments
Dimension EHW (Robust OLS) GLS (Theoretical)
Coefficient Estimator BO Ls (inefficient under BGLS (BLUE in finite samples)
non-spherical errors)
Theoretical Foundation Pure Asymptotic Theory Exact Finite-Sample Distribution
(n — o)
Statistic Distribution X2 (CLT collapse) Fy.n— (exact ratio of two x?)
Assumption about Errors Ignores and tolerates the fine Requires normality and
structure knowledge of €2

Indispensable Conclusion:

e In GLS, the transition to the F' distribution is algebraically legitimate: the linear transformation
cleans the covariance structure, restoring sphericity and allowing the emergence of an independent
Chi-square in the denominator (s ).

o In EHW, we stop at x? because the refusal to model the error structure prevents the factorization
and isolation of independent Chi-square terms in small samples, forcing inference to depend
exclusively on the Gaussian asymptotic limit.
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3.9 Comparative Table: Treatment of Pure Heteroskedasticity

The scope is restricted to pure heteroskedasticity: Var(u|X) = 02, with € diagonal and entries
wii = h(x;) > 0. EHW refers to OLS with White’s robust adjustment.

Criterion

EHW (Robust OLS)

GLS (Theoretical)

FGLS (Feasible)

Estimator of 5 and
Stages

Assumption about (2

Finite Samples

Asymptotic
Properties

Rank Requirements

Inference

Main Limitation

Bors = (X'X)71X'y.
1 stage: direct
orthogonal projection.

Arbitrary and
unknown. Imposes no
functional form on
h(x;). Consistency
depends only on
contemporaneous
exogeneity.

Unbiased but
ineAfﬁcient.
ElBors|X] = . Not
BLUE.

Consistent and
\/n-normal.
VilBors — B8) %
]\7(07 VEHW)7 with
Venw = Q'BQ .
rank(X) = k;

Q = plim(X'X/n)
SPD.

Asymptotic and
doubly robust. Based
on x? or Normal.
Dispenses with
specification of A(-).
Efficiency loss.
Venw — Vears = 0.
Greater cost with
pronounced
heteroskedasticity.

Bars =
(X'Q1X)"1xX'Qty.
1 stage: requires
known €.

Known ex ante. (2
known up to 2.
Impractical in real
contexts.

BLUE — Aitken’s
Theorem. Best linear
unbiased estimator

under metric weighted
by 71

Consistent and
asymptotically
efficient. Vg =
(Bl /h(x,)]) " =
Venw.

Same as EHW, plus Q
SPD for existence of P.

Exact under
Normality. t and F
with exact distributions
in the transformed
space.

Practical
infeasibility. Q rarely
known in empirical
contexts.

BrarLs = .
(X'Q1X)"1X'Qty.
2 stages: estimates Q
via OLS residuals; then
estimates § via WLS.
Parametric
structure. Assumes
Wi = h(Xi, 9) with 6
consistently estimated.
Misspecification causes
inefficiency; in dynamic
models, may generate
inconsistency.
Generally biased.
Dependence between Q
and errors invalidates
unbiasedness. No
analogue to Aitken’s
Theorem.
Asymptotically
equivalent to GLS. If
plim(2) = Q, achieves
the same efficiency as
theoretical GLS.

GLS requirements +
identifiability of 0 in
h(XZ', 0)

Asymptotic and
sensitive. t and F'
valid only for large n.
Sensitive to
misspecification of h(-).
Risk of
misspecification.
Mild misspecification
generates inefficiency;
severe model
misspecification can
generate inconsistency.

3.9.1 Methodological Notes

1. §andwich Estimator (EHW): The asymptotic variance Vegw = Q 'BQ™! is estimated by
Veaw = (X'X)71(X, a2x;x]) (X’X) ™!, without imposing structure on .

2. Aitken’s Transformation: GLS premultiplies the model by P such that P'P = ©~!, producing
spherical errors Var(Pu|X) = 02T and restoring the Gauss-Markov conditions in the transformed

space.

3. FGLS Usage Frontier: In static models with strict exogeneity, FGLS is asymptotically preferable
to EHW if h(-) is reasonably specified. In dynamic models, the recommendation reverses: EHW



with OLS is methodologically safer.

Chapter 4: Endogeneity

4.1 Sources of Endogeneity

The problem of endogeneity arises when the error term of a regression model is correlated with the
regressors — violating the condition of strict or contemporaneous exogeneity. Three classical sources are
responsible for this violation: (i) omission of a relevant variable, (ii) measurement error in the regressors,
and (iii) simultaneity (or reverse causality). Each of these sources corrupts the consistency of the Ordinary
Least Squares (OLS) estimator, albeit through distinct mechanisms.

4.1.1 Omitted Variable

4.1.1.1 Motivation and Geometric Interpretation The omitted variable problem emerges when
the researcher wishes to estimate the ceteris paribus effect of a set of regressors X; on y, but is unable to
observe or include in the model a matrix of covariates Xs that simultaneously affects y and is correlated

Geometric Interpretation in R":

The OLS estimator of the complete model — the long regression — orthogonally projects y onto the
hyperplane defined by the combined column space Col(X1, X5). By omitting Xo, we force the projection
of y solely onto the subspace Col(X;). If X; and X3 are not orthogonal, the portion of the variation
in y that should be attributed to Col(X3) is partially absorbed by Col(X;). The coefficient associated
with X improperly incorporates the effect of X5, producing an estimate that fails to isolate the true
structural parameter.

4.1.1.2 Assumptions and Their Roles Assumption 4.1: Linearity in Parameters and Struc-
tural Specification

e Role: Defines that the population Data Generating Process (DGP) obeys a linear and additive
relationship in the observed and unobserved components.

o Counterexample: If the underlying relationship is strictly non-linear (e.g., y = exp(Xp)),
OLS coefficients lose the interpretation of constant marginal effects, invalidating the additive
decomposition of the error.

Assumption 4.2: No Perfect Multicollinearity

» Role: Ensures that the Gram matrix X’X has full column rank (rank(X) = k), guaranteeing the
existence of its inverse.

¢ Counterexample: If a column of X; is an exact linear combination of the others, the determinant
of the Gram matrix collapses (|X’'X| = 0) and the estimator becomes algebraically indeterminate.

Assumption 4.3: Strict Exogeneity of the Long Model

e Role: Establishes that, in the model conditioned on all structurally relevant variables, the distur-
bance vector € has zero conditional mean: Efe | X1, Xs] = 0.

¢ Counterexample: Without this assumption, even the inclusion of X5 does not restore the
consistency of the estimator, as the error would retain factors correlated with the regressors.

4.1.1.3 Formal Statement and Derivation Consider the true structural model — the long regression:

y=X151 + X082+ ¢ (4.1)

where y € R", X; € R"F1 X, € R"**2 and ¢ € R". We assume:
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o (i) Fle|Xy,X2] =0 (strict exogeneity in the long model);

o (i) rank(X}X;) = k; and rank(X5Xs) = ko (full rank);

o (iii) 2 # O (structural relevance of the omitted variable);

o (iv) X|Xs # 0 (sample non-orthogonality between regressor blocks).

The researcher estimates the short regression:

y=Xim+u (4.2)

where u = X335 + € is the composite error. The OLS estimator is 7; = (X} X;) " 1X]y.

Theorem (Omitted Variable Bias). Under conditions (iii) and (iv), E[¥1 | X1, X2] # B1; the estimator
41 is biased for the vector of structural parameters ;.

Proof:

Step 1. Write the short regression estimator:
f1 = (XiX0) T Xy (4.3)
Step 2. Substitute the structural DGP (4.1) into (4.3):
1= (XX0) X (X B+ XSz + ) (4.4)
Step 3. Distribute the matrix product:
F1 = B+ (X1X1) T X X + (X X1) ' Xe (4.5)
Step 4. Apply the conditional expectation on X = [X;, X5]:
E[f | X] = B+ (X1X1) 7' X Xafs + (X1 X1) 7' X Ele | X]

The third block vanishes by Assumption 4.3, resulting in:

B[ | X] = 61+ (X, X1) " X, Xa s | (4.6)

Analysis of the Bias Term:

The term B = (X]X;) ' X} X/ is the omitted variable bias (OVB). The expression (X} X)X/ X,
is algebraically equivalent to the OLS coefficient of an auxiliary regression of X5 on Xy, denoted 0o .
Hence:

E# | X] = 1 + 62152 (4.7)

The bias exists if, and only if, dy; # 0 (non-orthogonality) and Bz # 0 (structural relevance). If the
included and omitted regressors are sample-orthogonal, do; = 0 and the estimator remains unbiased —
although the error variance is still affected. [

52



4.1.1.4 Asymptotic Properties under Omission Theorem (Inconsistency and Limiting
Distribution). If E[x1;x};] = Q12 # 0 and 3 # 0:

plim 41 = B1 + Q' Q1282 # B (4.8)

Vi (31 —plim 41) % N (0, Q' 2Q1) (4.9)

where Q11 = E[x1;x},], Q12 = E[x1;x5;], and Q = E[u}?xy;x},].

Proof (sketch): Applying the Weak Law of Large Numbers and Slutsky’s Theorem to the scaled form
of the estimator yields (4.8). The Central Limit Theorem provides (4.9). The complete detail follows the
pattern established in the heteroskedasticity chapter. B

4.1.1.5 Inference Consequences Under endogeneity by omission, the t-statistic for Hy : 31,; = B%j
satisfies:

1T & 00 asn — oo (4.10)

The test ceases to be an instrument of scientific inference and becomes a detector of omitted correlations.
The same holds for the F-test, which diverges to +00 at a rate n, producing spurious rejections of any
linear restrictions on f;.

4.1.2 Measurement Error

4.1.2.1 Motivation and Geometric Interpretation The measurement error problem arises from
the discrepancy between the theoretical variable prescribed by economic theory (such as “permanent
income” or “human capital”) and the variable actually recorded in the data (such as “declared monthly
income” or “years of schooling”). While measurement error in the dependent variable only expands the
residual variance without compromising consistency, measurement error in the regressors makes the OLS
estimator biased and inconsistent even in infinite samples.

Geometric Interpretation in R?:

Adding noise to the horizontal coordinate x; artificially increases the horizontal dispersion of the observed
sample. Since OLS minimizes the sum of squared vertical deviations, the estimated line is “pulled” toward
the horizontal axis to accommodate this greater fictitious lateral dispersion. The result is a flatter line
than the true structural relationship. This phenomenon of parameter compression toward zero is called
attenuation bias.

4.1.2.2 Assumptions of the Measurement Error Model Assumption 4.4: Classical Mea-
surement Error (CME) Model

e Role: The measurement noise is orthogonal to the true value of the latent variable and to the
structural error.

o Counterexample: If the error were correlated with the true value (e.g., high-income individuals
underreporting earnings proportionally to wealth), the bias would no longer be attenuation and
could inflate or invert the sign of the parameter unpredictably.

Assumption 4.5: Mutual Independence of Noises

e Role: The measurement noise w and the structural disturbance e are mutually independent:
Cov(w,e) = 0.
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o Counterexample: If the factor causing measurement error in x also directly affected y (e.g., a
negligent interviewer who erroneously records both education and salary), an additional spurious
correlation would emerge, preventing the analytical isolation of the attenuation effect.

4.1.2.3 Formal Statement and Derivation Consider the latent structural model:

P (4.11)

where 7 is the unobserved true regressor and 3 € R is the parameter of interest. The observed proxy
variable is:

T; = xf + w; (4.12)

K3

We assume:

o (i) Ele] = E[wz} = 0;
o (ii) Cov(z},e) =
o (iii) Cov(z},w;) = O and Cov(w;, €;) = O

e (iv) Var(x ) =02. > 0 and Var(w;) = 02, > 0.

Theorem (Attenuation). The estimator 3 = 3" z;y;/ 3 22 satisfies:

2

with A € (0,1), proving strict inconsistency by attenuation.
Proof:
Step 1. Substitute z} = z; — w; into (4.11):

yi = B + (€ — Bw;) (4.14)

Step 2. Define the composite error v; = ¢; — fw;, so that y; = Bx; + v;.
Step 3. Compute Cov(z;,v;) using bilinearity:

Cov(z;,v;) = Cov(z} +w;, € — fw;) = —Po, (4.15)

Step 4. Compute Var(z;):

Var(z;) = Var(z} +w;) = 02. + 02 (4.16)

Step 5. Apply the result plim 3 = 3 + Cov(z,v)/ Var(z):

o _ B2 2,
plim 3 = 8+ ﬂ”zg -5 (2 %z ) (4.17)
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4.1.2.4 Inference Consequences Measurement error simultaneously corrupts the centrality of the
limiting distribution and the consistency of the residual variance:

1. Power collapse (Hj : 5 = 0): The attenuation bias compresses the estimator toward zero, reducing
test power and increasing the Type II error rate.

2. Type I error explosion (Hj : f = Bstructural): The numerator of the t-statistic ceases to be
centered at zero; as n grows, the test diverges and systematically rejects true hypotheses. Formally:

[t 2 50 asn— oo under Hy: 8= (4.18)

4.1.3 Simultaneity

4.1.3.1 Motivation and Geometric Interpretation The simultaneous equations problem arises
when explanatory variables are treated as exogenously fixed when they are actually determined by an
integrated systemic equilibrium. The canonical example is the competitive market: price P affects
quantity demanded @, but @ feeds back into price through the market equilibrium mechanism.

Geometric Interpretation in R?:

The observed data do not belong individually to either the demand or supply curves; they constitute
equilibrium points resulting from the stochastic intersection of both. An OLS line fitted to these points
does not represent the price elasticity of demand nor that of supply, but an ambiguous linear combination
of the two, without structural interpretation.

4.1.3.2 Assumptions of the Simultaneous System Assumption 4.6: Structural Completeness
of the System

¢ Role: Requires as many independent equations as there are endogenous variables, ensuring that
the matrix of structural coefficients is invertible and that the system has a unique reduced-form
solution.

e Counterexample: Without this condition, the structural parameters are not identifiable.

Assumption 4.7: Exogeneity of Predetermined Variables

o Role: The exogenous variables z are orthogonal to the contemporaneous structural shocks: E[z;u;] =
0.

e Counterexample: Without this condition, the absence of a stable informational anchor prevents
the identification of the system.

4.1.3.3 Formal Statement and Derivation Consider the two-equation structural system:

Yie = a1yor + Prze + ure (4.19)

Y2t = QaY1r + Uz (4.20)

where y1; and yo; are endogenous, x; is strictly exogenous, and 1 — ajag # 0.
The OLS estimator of a; in (4.19) is &1 = > yary1e/ . 3,

Theorem (Inconsistency by Simultaneity). The estimator &; converges in probability to a* # ay:

0420'% —+ g12
(1 — aqae) Var(yay)

plim &; = ag + (4.21)
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Proof (sketch): Solving the system to obtain the reduced form of yo; and computing Cov(yas, uz) yields
(4.21). The complete detail follows the established pattern. B

4.1.3.4 Inference Consequences Under simultaneity, the convergence of the estimator to a displaced
pseudo-parameter corrupts inference:

1. Distortion of the nominal level: The OLS estimator converges to §* # (; the limiting
distribution of T is shifted away from N (0, 1).

2. Spurious rejection of structural models: The standard error converges to zero at rate O(1/1/n),
while the distance |8* — 3| remains constant. The test statistic diverges:

tn] & 0o asn — oo (4.22)

The solution is to migrate to Instrumental Variable estimators, which restore consistency by instrumenting
the endogenous variables with regressors exogenous to the structural shock.

4.2 The Instrumental Variables (IV) and Two-Stage Least Squares (2SLS)
Estimators

This section presents the mathematical and geometric formalization of the Instrumental Variables
(IV) estimator and its generalization to overidentified models via Two-Stage Least Squares (2SLS).
The objective is to establish the statistical properties in finite samples and the asymptotic limiting
behavior from the perspective of classical estimation theory.

4.2.1 The Identification Problem and the Geometry of Instruments

4.2.1.1 Motivation and Geometric Interpretation Identification is a logical prerequisite to esti-
mation: it determines whether the information contained in the joint distribution of observable data,
combined with the theoretical restrictions imposed by the economic model, is sufficient to uniquely deduce
the structural parameters of interest.

The Ordinary Least Squares (OLS) estimator relies on the assumption of strict orthogonality between
the regressors and the error term. When endogeneity occurs — whether through omitted variables,
measurement error, or simultaneity — this condition is violated.

Consider the population structural model in matrix form:

y=Xg8+u (4.23)

where y € R", X € R"** 3 € R*, and u € R™. The classical exogeneity assumption is violated in the
population, that is, E[X'u] # 0.

Geometric Interpretation in R™:

If the space spanned by the regressors X is correlated with the error vector u, the orthogonal projection
of y directly onto Col(X) captures not only the causal effect of 3, but also the variation of the stochastic
disturbance u transmitted through X. OLS becomes inconsistent because it attributes to the parameter
vector (8 covariances that actually belong to the population error.

The introduction of an instrument matrix Z € R"*¥ functions as an external reference axis in the
Euclidean space. The instrument Z provides a source of variation for X that is perfectly orthogonal to u.
The central idea is to use only the portion of the variability of X that is provably exogenous to identify
and isolate the true causal effect on y.
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4.2.1.2 Identification Assumptions Let X be the n x k matrix of regressors and Z the n x L matrix
of instruments. For the vector of structural parameters 3 to be identified, two classical conditions must
be satisfied:

Assumption 4.13: Order Condition (L > k)

o Role: This is a necessary (but not sufficient) condition for the system of population moment
equations to have a unique solution. It requires that the number of external exogenous pieces of
information (instruments) be at least equal to the number of unknown structural parameters to be
estimated.

e Identification Failure: If L < k, the model is underidentified. There will be infinitely many
parameter combinations consistent with the data, making any unique point estimate impossible.

Assumption 4.14: Rank Condition (Relevance)

e Role: Ensures that the instruments have a real and relevant linear statistical relationship with
the endogenous regressors. Mathematically, it ensures that the population cross-moment matrix
Qzx = E[z;x}] has full column rank, that is, rank(Qzx) = k.

o Identification Failure: If the instrument Z is linearly independent of or completely orthogonal to
X in the population (Qzx = 0), the model is unidentified. Algebraically, the linear system will not
have a unique solution and the estimator will collapse.

Assumption 4.15: Exogeneity of Instruments (E[z;u;] = 0)

¢ Role: Fundamental condition for the consistency of the IV estimator: the instruments are not
correlated with the structural error.

o Counterexample: If E[z;u;] # 0, the IV estimator inherits the endogeneity of the instruments
and becomes inconsistent — the bias may be even more severe than that of OLS.

4.2.1.3 Analytical Identification Scenarios Consider the linear structural model defined in (4.23).
The identification of the vector 8 from the instrument matrix Z falls into three distinct analytical
scenarios:

Scenario Condition Implication

Underidentification L<k Number of moment conditions is
less than the number of
unknowns. The structural
parameter cannot be
determined.

Exact Identification L=k There is exactly one instrument
for each regressor. The classical
IV estimator is obtained by
direct algebraic solution.

Overidentification L>k There are more instruments than
parameters. The system has
more equations than unknowns,
requiring optimal weighting
(2SLS or GMM).

4.2.1.4 Algebraic Derivation under Exact Identification (L = k) We postulate the population
moment condition based on the strict exogeneity of the instrument:

E[Zul=0 = E[Z(y—-XpB)]=0 (4.24)

By the principle of sample analogy, we replace the population expectation with its respective sample
moment under exact identification (L = k):
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1 ~
ﬁzl(y —XpBrv)=0 (4.25)
Multiplying by n and applying the distributive property:

Z'y —Z'XBry =0 — Z'XBy =2y (4.26)

Under Assumption 4.14 (Rank Condition) with L = k, the square matrix Z’X of dimension k x k
has full rank (rank(Z’X) = k), hence its inverse exists uniquely. Premultiplying by (Z’ X)_lz

Brv =(Z'X)" ' 2y (4.27)

4.2.2 Finite-Sample Properties: Expectation and Variance

4.2.2.1 Motivation The proof of asymptotic consistency guarantees the appropriate behavior of the IV
estimator as n — oo, but does not ensure the absence of bias in small samples. Unlike the OLS estimator
under strict exogeneity, the IV estimator is known to be biased in finite samples.

4.2.2.2 Assumptions for Variance Derivation Assumption 4.16: Conditional Homoskedas-
ticity and No Autocorrelation

Eu'|Z,X] = 0°1, (4.28)

where 02 > 0 is the scalar conditional variance.

4.2.2.3 Formal Statement and Derivation Theorem (Finite-Sample Bias). The IV estimator is
biased in finite samples:

Elp1v|2,X] = 8+ (Z'X) "' Z'E[u|Z,X] (4.29)

Proof:
Substituting the structural equation (4.23) into the definition of the estimator (4.27):

Brv = (ZX) ' Z/(XB+u) = B+ (ZX) ' Z'u (4.30)
Applying the conditional expectation E[-|Z,X]:
E[fiv|Z,X] = B+ (Z'X) "' Z'E[u|Z,X] (4.31)

Since X contains endogenous regressors correlated with the error, Flu|Z,X] # 0. Therefore, the
conditional bias is:

Bias(Brv|Z, X) = (2'X) " Z'E[u|Z, X] (4.32)

Note: This finite-sample bias severely approaches the OLS bias as the relevance of the
instruments diminishes, characterizing the weak instruments problem.
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Theorem (Conditional Variance of the IV Estimator). Under Assumption 4.16 (conditional
homoskedasticity):

1

Var(B1v|Z,X) = 02 (Z'X) " (Z'Z) (X'Z)”

(4.33)

Proof:
By definition:

Var(frv|Z,X) = E [(51v - E[BIV|Z,X]) (BIV - E[BIV|Z;X]),

Z, X] (4.34)

Substituting (4.30) and (4.31) into the definition and centering the analysis on the conditional distribution
of the error:

Var(B1v|Z,X) = (ZX) ' Z/E[ud|Z,X] Z(X'Z) " (4.35)
Invoking Assumption 4.16, the core of the expectation collapses to o2I,,:

1

Var(B1v|Z,X) = 02 (Z'X) ' Z'Z (X'Z)~ (4.36)

4.2.3 Generalization to the Overidentified Case: The 2SLS Estimator

4.2.3.1 Motivation and Geometric Interpretation When the number of instruments exceeds the
number of regressors (L > k), the matrix Z’X becomes rectangular of dimension L x k and cannot be
directly inverted. The Two-Stage Least Squares (2SLS) estimator solves this problem through a double
geometric projection procedure that efficiently combines all available information from the instruments.

Geometric Interpretation in R":
The sample space R™ contains three fundamental subspaces:

1. Col(Z): the space spanned by the instruments (exogenous);

2. Col(X): the space spanned by the original regressors (contaminated by endogeneity);

3. COI(X)Z the space spanned by the projected values of X onto Col(Z) — the “clean part” of the
regressors.

2SLS operates in two geometric stages:

« First Stage: Orthogonally project each columnAof X onto Col(Z), eliminating the component
correlated with the structural error. The result is X = Pz X, the best linear approximation of X in
the exogenous subspace.

e Second Stage: Project y onto Col(X), obtaining the estimator that efficiently combines all
available instruments.

4.2.3.2 Additional Assumptions for 2SLS Assumption 4.17: Rank Condition in the Overi-
dentified Case

e Role: Ensures that rank(Z'X) = k, guaranteeing that the instruments are sufficiently correlated
with the endogenous regressors. In the overidentified case (L > k), this condition implies that
X'P ;X is non-singular.

o Identification Failure: If rank(Z'X) < k, the instruments are weak or irrelevant for some
regressors, and the matrix X’PzX becomes singular, preventing computation of the estimator.

Assumption 4.18: Finite Fourth-Order Moments

59



¢ Role: Guarantees the existence of asymptotic variances and the applicability of the Central Limit
Theorem.

e Counterexample: With heavy-tailed distributions, the sample moment matrices may not converge
properly, invalidating asymptotic inference.

4.2.3.3 Formal Statement and Derivation We define the fundamental orthogonal projectors in the
Euclidean space R"™:

o Projection matrix onto Col(Z):
P, =7Z(Z'72)"'7 (4.37)

e Complementary annihilator matrix:
Mz =1,—-Py (4.38)

First Stage: Project the matrix of endogenous regressors X onto the exogenous space generated by Z:
X=P;X=2(Z'12)"'7ZX (4.39)

The orthogonal decomposition ensures that X = X + M X, where X represents the clean exogenous
portion of the regressors, and M zX captures the discarded endogenous variation.

Second Stage: Perform the regression of y on X via OLS:
Bosrs = (X'X) "' X'y (4.40)
Substituting (4.39) into (4.40) and using the idempotence and symmetry of Pz (P, Pz =Pyz):
Basrs = (X'P,P,X) ' X'Ply = (X'P,X) 'X'Pyy (4.41)

Expanding the projection matrix expression yields the traditional closed form of the 2SLS estimator:

Bosrs = [X’Z(Z'Z)—lz’x]*1 X'Z(Z'Z7)"'Zy (4.42)

4.2.3.4 Asymptotic Properties of 2SLS Under the instrument validity conditions (Assumptions
4.13, 4.14, and 4.15) and asymptotic regularity, the 2SLS estimator satisfies:

1. Consistency: Bosrs 2 B

2. Asymptotic Normality:

Vi(Basrs — B) & N (0» o (QXZQ}}QZX)_I) (4.43)

where Qxz = E[x;2}], Qzz = E[z;2z}], and Qzx = Q.

3. Variance Estimator (under homoskedasticity):

Var(fosrs) = 62 (X'P,X) ", 62 = i (4.44)

4. Robust Variance to Heteroskedasticity:

1

Va;‘robust(BQSLS) = ()(,]?Z}()_1 (Z agfclfdb> (XIPZX)_ (445)
=1
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4.2.4 Relative Efficiency and the Cost of Instrumentation

4.2.4.1 Motivation Under the validity of the classical Gauss-Markov assumptions — where all
original regressors are strictly exogenous — the OLS estimator is the Best Linear Unbiased Estimator
(BLUE). Therefore, the substitution of X by its instrumented projection X generates an inevitable loss of
information, inflating the sample variance.

Geometric Interpretation:

In R", Col(X) is a subspace of Col(X) when X is exogenous (since X is a linear combination of X
through projection). Projecting y onto a smaller subspace reduces the explained variation and increases
the uncertainty about the parameters. The smaller the correlation between X and Z (weak instruments),
the smaller Col(X) and the greater the efficiency loss.

4.2.4.2 Assumptions for Efficiency Comparison Assumption 4.19: Exogeneity of X (Bench-
mark)

« Role: Establishes the counterfactual scenario where OLS is consistent, allowing variance comparison.
e Counterexample: If X is endogenous, OLS is inconsistent and variance comparison loses practical
meaning.

Assumption 4.20: Conditional Homoskedasticity

« Role: Ensures that Var(u|X,Z) = oI, simplifying variance expressions.
¢ Counterexample: Under heteroskedasticity, variance formulas require robust adjustments, and
the ordering relationship may be more complex.

4.2.4.3 Formal Statement and Derivation Theorem (Cost of Instrumentation). Under the
assumption of exogeneity of X and conditional homoskedasticity, the variance-covariance matrices satisfy
the ordering:

Var(Bas1s|X, Z) = Var(Bors|X) (4.46)

Proof:

Auziliary Lemma: If A and B are symmetric and strictly positive definite matrices such that A > B,
then B~1 > A~1.

Step 1: Formulation of conditional variances

Under homoskedasticity (Var(u|X,Z) = 0°1,):

Var(Bors|X) = o?(X'X)7? (4.47)

ar(fasrs|X,Z) = o zX)” 4.43
Var(f X,Z 2(X'P,X) ! 4

Step 2: Analysis of the difference of information matrices

We evaluate the difference matrix A between the inverses of the variances (scaled by 1/0?):

A=XX-XPyX=X(I,-PyX=XM;X (4.49)

Step 3: Demonstration of the positive semidefinite character of My

The annihilator matrix My is symmetric and idempotent (Mz = M/, My). Taking an arbitrary non-zero
vector v € R™:
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v Mzv = vV MyMzv = (Mzv) (Mzv) = |[Mzv|?® >0 (4.50)
Since the quadratic form is non-negative for any vector v, we conclude that Mz = 0. Consequently:

XMz;X>0 = XX=XPzX (4.51)

Step 4: Inversion and conclusion

Invoking the Auxiliary Lemma on (4.51):
(X'PzX) ! = (X'X)! (4.52)
Multiplying by the scalar o2 > 0:

A(X'PzX) ! = oX(X'X)Y = Var(Basrs) = Var(Bors) (4.53)

4.2.4.4 Practical Implications The efficiency cost of 2SLS relative to OLS is greater when:

1. The correlation between X and Z is smaller (weak instruments): COl(X) shrinks, reducing
the information available for estimation.

2. The number of redundant instruments is larger: irrelevant instruments add noise without
increasing the exogenous variation of X.

3. The sample size n is smaller: in small samples, the loss of degrees of freedom in the first stage
becomes more severe.

This trade-off between consistency (2SLS) and efficiency (OLS) is the core of the choice between
estimators: the researcher accepts greater sample variance in exchange for eliminating endogeneity bias.

4.2.5 Asymptotic Properties of the IV Estimator

4.2.5.1 Motivation To overcome finite-sample pathologies — such as the absence of defined moments
under weak identification — statistical inference relies strictly on the asymptotic limiting behavior as
n — oo.

4.2.5.2 Asymptotic Assumptions Assumption 4.21: Ergodically Random Sampling

o Role: The observations of the data vector (y;,x;,z;) are independent and identically distributed
(i.i.d.) with finite fourth-order moments, enabling the application of the Weak Law of Large Numbers
and the Central Limit Theorem.

e Counterexample: In time series with dependence or non-stationarity, sample means may not
converge to population expectations.

Assumption 4.22: Asymptotic Exogeneity of the Instrument

1
plim (Z’u) = Elz;u;] =0 (4.54)
n
e Role: Fundamental condition for the consistency of the IV estimator: the population correlation

between instruments and error is zero.
o Counterexample: If E[z;u;] # 0, the IV estimator is inconsistent.
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Assumption 4.23: Asymptotic Relevance of the Instrument
(1., /
plim | —=Z'X | = Ez;x;] = Xzx (4.55)
n

where X7 x is a finite population coefficient matrix with full rank equal to k.

¢ Role: Ensures that the instruments are sufficiently correlated with the endogenous regressors to
identify the parameters.

o Counterexample: If rank(Xzx) < k, the model is underidentified and the estimator does not
converge.

4.2.5.3 Formal Statement and Derivation of Consistency Theorem (Consistency of IV).
Under Assumptions 4.21 to 4.23, the classical instrumental variables estimator is consistent in probability:

Brv & 8 (4.56)

Proof:

Starting from the stochastic form derived in (4.30), we rescale the sample operators by dividing by the
sample size n:

Brv =B+ <Z/X>1 <Z’u> (4.57)

n n

We apply the plim operator to both sides. By Slutsky’s Theorem, since the inverse function is continuous
over non-singular matrices:

/ -1 ’
plim(ﬁjv) =B+ [plim (Z X)} - plim (Z u) (4.58)
n n

Invoking the Weak Law of Large Numbers:

Z'X
n

1. By asymptotic relevance (Assumption 4.23): plim ( = Xz x (non-singular).

2. By asymptotic exogeneity (Assumption 4.22): plim (Z/“) =0.

n

Substituting:

plim(Bry) =B +2,%-0=5 (4.59)

4.2.5.4 Asymptotic Normality Theorem (Asymptotic Normality of IV). Under Assumptions
4.21 to 4.23 and assuming population homoskedasticity, the limiting distribution of the estimation error
scaled by /n satisfies:

ValBv - 8) % N0, V) (4.60)

where the asymptotic variance matrix is defined by:

V =0’873 82235y (4.61)
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with EZZ = E[ZZZ;] and EXZ = E/ZX
Proof:
Subtracting 8 from both sides of (4.57) and scaling by /n:

Vi(Bry — B) = (Z;Xyl (%};) (4.62)

We analyze the limiting behavior of each block:
’ -1 p
1. By the Continuous Mapping Theorem: (%) = E}ﬁ(.
2. Define w; = z;u;. By exogeneity, E[w;] = 0. Under conditional homoskedasticity:
Q = E[w;w}| = E[u?z;z}] = 0*E[z;2]] = 0°Z 2, (4.63)

By the Lindeberg-Lévy Central Limit Theorem:

Z'a

1 n
ﬁ % ZZZ'UZ‘ i> N(O, O'QEZZ) (464)
i=1

Combining the limits via Slutsky’s Lemma:

VilBry = B) % 7% - N(0, 025 57) (4.65)

By the properties of linear transformations of Gaussian vectors:

Vi(Brv — B) 4N (0, *2 ;3223 y) (4.66)

4.2.6 Hypothesis Testing and Asymptotic Inference

4.2.6.1 Motivation The formulation of asymptotic test statistics aims to formally quantify the
statistical uncertainty around the point estimator. It assesses whether the distance between the sample
estimate and the restriction vector arises solely from sampling fluctuations or reflects a population
discrepancy.

4.2.6.2 Assumptions of the Wald Test Assumption 4.24: Independent Linear Restrictions

« Role: Defines ¢ simultaneous linear conditions with R € R?7** of full row rank (rank(R) = q).
o Counterexample: If rank(R) < g, the restrictions are redundant or contradictory, making the
covariance matrix singular and the statistic undefined.

4.2.6.3 Formal Statement and Derivation Consider the multivariate linear null hypothesis:

Hy:RB=r (4.67)

where R € R?** with rank(R) = ¢, and r € RY.

Theorem (Wald Statistic). Under the asymptotic regularity conditions of the IV estimator, the
quadratic Wald statistic:

64



W= @Ay ) [R (Rar(3n)) R RAw 1) (4.68)

converges asymptotically in distribution to a Chi-square variable with ¢ degrees of freedom under the
null hypothesis:

w42 (4.69)
Proof:
Theoretical Lemma: If v ~ N(0,X) with 3 non-singular of order ¢, then v'X~'v ~ x2.
Step 1: Limiting behavior under the null hypothesis
By the asymptotic normality theorem (4.60):
Va(Brv = 8) % N(0,V) (4.70)
Premultiplying by R:
Vr(RBry — RB) % N(0, RVR') (4.71)
Under Hy, substitute RS =r:
Vn(RBy —r) % N(0, RVR/) (4.72)

Step 2: Consistent estimator of the asymptotic variance

We define the consistent estimator:

52 <z;x)‘1 (z;z) (X;Z)‘l (073)

where 62 = L(y — Xpv ) (y — XBrv) & 0.

Since V & V, the Continuous Mapping Theorem ensures:

[RVR/] ~ 2 RVRT (4.74)

Step 3: Construction of the quadratic form

Rewriting (4.68) to highlight the v/n factors:

~ / N -1 ~
W= [Va®Ay —v)| [RVR]  [VaRAy —1)] (4.75)
Substituting (4.72) and (4.74), Slutsky’s Lemma guarantees:
w4V [RVR] 'v, v~N(0, RVR) (4.76)
Invoking the Theoretical Lemma:
d. .2
w42 (4.77)
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4.2.7 Instrument Validation: The Sargan Overidentification Test

4.2.7.1 Motivation The Sargan test (or overidentifying restrictions test) is applicable exclusively to
the scenario where the model has more instruments than endogenous regressors (L > k). When the
model is exactly identified (L = k), the sample residuals are orthogonal to the instruments by algebraic
construction, making any test of hypothesis validation impossible.

In the overidentified scenario, the 2SLS estimator selects a linear combination of the instruments.
Therefore, it becomes possible to test whether the null hypothesis of full exogeneity of the instrument
block is statistically sustainable. The test principle is based on projecting the residuals of the estimated
model onto the full matrix of available instruments Z. If the instruments are indeed exogenous, the
explanatory power of this auxiliary regression should be statistically close to zero.

4.2.7.2 Assumptions of the Sargan Test Assumption 4.25: Overidentification (L > k)

¢ Role: Necessary condition for the applicability of the test. Requires that there be more instruments
than endogenous regressors.
o Counterexample: If L = k, the test is degenerate and cannot be computed.

Assumption 4.26: Joint Exogeneity of Instruments (Hy)

» Role: Establishes that all instruments are orthogonal to the structural error: E|[z;u;] = 0 for all 4.
o Counterexample: If at least one instrument is endogenous, the Sargan statistic detects the
violation and rejects Hy.

4.2.7.3 Computation Algorithm and Test Statistic The Sargan test is operationalized by the
following algorithmic protocol:

1. Estimate the structural model via 2SLS and extract the sample residual vector:
a=y- XBQSLS (4.78)

2. Run an auxiliary regression of the residuals on the full instrument matrix Z via OLS:

=17y +e (4.79)

3. Compute the coefficient of determination (R?) of this auxiliary projection:

, WPza
R? =

(4.80)

a’'a

4. The Sargan test statistic (S) is obtained by multiplying the sample size by the coefficient of

determination: P
2 urzu
S=nR;, = 52 (4.81)
where 62 = 0'1/n is the estimator of the variance of the auxiliary regression error.

4.2.7.4 Asymptotic Distribution of the Sargan Test Theorem (Distribution of the Sargan
Test). Under the null hypothesis of total exogeneity of the instruments (Hy : E[z;u;] = 0), the Sargan
statistic converges asymptotically in distribution to a Chi-square variable whose degrees of freedom
correspond exactly to the number of overidentifying restrictions (excess instruments):

SN2, (4.82)

Interpretation: Rejection of the null hypothesis (S > x2...;) indicates that at least one of the
instruments fails the asymptotic exogeneity condition (being correlated with the structural error term) or
that the structural model has been incorrectly specified due to omitted variables.
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4.2.7.5 Limitations and Practical Considerations

1. Power of the test: The Sargan test has low power to detect weakly endogenous instruments in
small samples.

2. Correct model specification: Rejection may arise from either invalid instruments or misspecifi-
cation of the structural equation (e.g., omission of relevant variables).

3. Robust version to heteroskedasticity: The Hansen test (J-statistic) is a generalization of the
Sargan test that does not require homoskedasticity, being preferable in contexts with heteroskedastic
errors.

4. Interpretation of non-rejection: Non-rejection of the null hypothesis does not prove that the
instruments are exogenous; it only indicates that the test did not find sufficient statistical evidence
to reject the joint validity of the instruments.

Chapter 5: Generalized Method of Moments (GMM) Estimator

5.1 Construction and Properties of the Estimator
5.1.1 Motivation and Geometric Interpretation

5.1.1.1 The Overidentification Problem The Generalized Method of Moments (GMM),
proposed by Lars Hansen (1982), represents a fundamental milestone in modern econometrics by solving
the overidentification problem in parametric models. In the classical method of moments (Pearson,
1894), the researcher seeks an estimator that satisfies a system of equations where the number of moment
conditions (L) is exactly equal to the number of unknown parameters (K). In such just-identified
systems, there is typically a unique solution that zeros out the sample moment conditions.

However, economic theory or statistical properties often provide more restrictions (moments) than
strictly necessary to identify the parameters (L > K). In these cases, the system of equations becomes
overdetermined and, due to inherent sample variability, it is impossible to find a single parameter vector
that satisfies all equations simultaneously. GMM resolves this difficulty by transforming a root-finding
problem into an optimization problem, minimizing a metric of “distance” between the sample moments
and the null vector.

5.1.1.2 Geometric Interpretation To develop intuition, consider the following geometric scenario:

o In R2, we seek a point 6 that should lie at the intersection of three lines (representing three moment
conditions).

e In a finite sample, these lines will rarely intersect at a single point due to stochastic noise, forming
a small triangle instead of a common vertex.

e Geometrically, the GMM estimator locates the point 6 that minimizes the weighted sum of squared
distances to these lines.

The weighting matrix W acts as a metric that deforms the space, assigning greater weight to moment
conditions that have smaller variance (are more “reliable”). In R3, GMM can be visualized as the search
for the point in a subspace that minimizes the orthogonal distance to a series of hyperplanes defined by
the moment conditions.

5.1.2 Fundamental Assumptions of GMM
For the formal construction of the estimator, we define:

e § €O CRX: vector of parameters
e w;: vector of observed data
o g(w;,0): moment function of dimension L x 1

Assumption 5.1: Population Orthogonality (Moment Condition)
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e Role: Constitutes the theoretical foundation of the model. It states that, at the true parameter
value 6y, the mathematical expectation of the moment function is zero:

Elg(w;,00)] =0 (5.1)

e Counterexample: In a linear regression model y = X 4+ u where we omit a variable Z correlated
with X, the error u will have F[u|X] # 0. In this case, the moment condition F[X'u] = 0 fails and
any estimator based on it will be inconsistent.

Assumption 5.2: Identification (Rank Condition)

e Role: Ensures that the moment condition provides sufficient information to distinguish 6y from
any other value in the parameter space. Mathematically, it requires that the matrix of expected
derivatives has full rank K:

ag(wiv 90)

G:E{ o0’

] , rank(G) =K (5.2)

¢ Counterexample: If we try to estimate the return to education using an instrument that has
no correlation with schooling, the rank of the covariance matrix between the instrument and the
regressor will be zero. The parameter cannot be located because the objective function will be “flat”
with respect to it.

Assumption 5.3: Positive Definite Weighting Matrix

o Role: Ensures that the quadratic objective function is strictly convex (in the linear case) and has a
well-defined global minimum.

e Counterexample: If we use a zero or singular matrix W, the objective function would not penalize
deviations in certain directions of the moment conditions, allowing infinitely many solutions or
preventing numerical convergence of the optimizer.

5.1.3 Formal Formulation of the Estimator

5.1.3.1 General Definition Let {w;}? ; be a sequence of independent and identically distributed
(i.i.d.) random vectors belonging to a probability space (£, F, P). Let 8y € © be a vector of parameters
in a compact parameter space © C RX. We define a measurable moment function g : RM x © — RF
such that L > K.

The GMM estimator 6,, is defined as the argument that minimizes the quadratic objective function:

| Qn(6) = 8n(6) Wagn(6) | (5.3)

where:

g.(0) = Zg(wi,m (5.4)

and W,, is a stochastic weighting matrix such that W, LW, with W being symmetric and positive
definite.

5.1.3.2 Derivation of the Estimator for the Linear Case Consider the linear case where:

g(wi,0) = zi(y; — x;0) (5.5)

with z; an L x 1 vector of instruments and x; a K x 1 vector of regressors.

Step 1: Definition of the Sample Moment

68



In matrix notation, defining y as the n x 1 vector, X as the n x K matrix, and Z as the n x L instrument
matrix:

gn(0) = ~Z/(y — X0) (5.

Step 2: Substitution into the Objective Function
Substituting (5.6) into (5.3):
n

2.(0) = 12/t - x0)| W, 2y - X0 (5.7)

Step 3: First Order Condition (FOC)
Differentiating @Q,,(0) with respect to 8 and setting it to the null vector:

0Qn(0) 2 2
= fﬁX’ZWnZ'y + ﬁx'zwnz'xe =0 (5.8)
Step 4: Isolating the Estimator
X'ZW, Z'X0,, = X'ZW, Z'y (5.9)

Assuming that (X'ZW,Z'X) is non-singular (Assumption 5.2):

0, = (X'ZW,Z'X)"'X'ZW ,Z'y (5.10)

5.1.3.3 Role of Assumptions in the Derivation The above derivation highlights the critical role of
each assumption:

1. Identification (Assumption 5.2): Was indispensable in Step 4. If (X'ZW,Z’X) is singular
(rank < K), the inverse does not exist and the estimator cannot be uniquely determined.

2. Orthogonality (Assumption 5.1): Ensures that, when substituting y = X6y + u into (5.10),
the term associated with the error will collapse asymptotically, validating the consistency of the

estimator: .
plim@,, = 6 (5.11)

3. Positive Definite Matrix (Assumption 5.3): Ensures that the FOC (5.8) characterizes a
global minimum (not just a saddle point or maximum), guaranteeing the convexity of the objective
function.

5.1.4 Moments of the GMM Estimator

5.1.4.1 Motivation While the asymptotic properties of the GMM estimator (consistency and asymptotic
normality) describe its limiting behavior as n — oo, the conditional expectation and variance allow
us to analyze the statistical properties of the estimator in finite samples.

The central problem is finite-sample bias. In Instrumental Variables (IV) and overidentified GMM
models, although the estimator is consistent, it often exhibits bias in small samples if the instruments are
“weak” or if there is strong correlation between the endogenous regressors and the structural error.

Geometric Interpretation in RX:

Geometrically, the conditional expectation locates the “center of mass” of the distribution of the estimator
B in the parameter space R¥, given a fixed set of instruments Z. If the estimator is unbiased, this center
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coincides with fy. The conditional variance defines the concentration ellipsoid around this expectation;
the volume and orientation of this ellipsoid are determined by the curvature of the objective function and
the dispersion of the errors, weighted by the metric structured in W.

5.1.4.2 Additional Assumptions Assumption 5.4: Conditional Strict Exogeneity

e Role: Ensures that the error vector u has zero conditional mean for any realization of the
instruments and regressors, allowing the expectation operator to pass through the bilinear form of
the estimator. Mathematically: E[u|Z,X] = 0.

o Counterexample: In models with predetermined regressors (such as lags of the dependent variable
Yyi—1), Elutlyi—1] = 0 may hold contemporaneously, but Flu;—1|y:—1] # 0. This implies that
E[B |X] # Bo, breaking the unbiasedness property.

Assumption 5.5: Conditional Homoskedasticity (Sphericity)

e Role: Simplifies the structure of the conditional variance-covariance matrix of the estimator,
assuming that Var(u|Z, X) = 021,. Without this, the conditional variance assumes the expanded
“sandwich” form.

o Counterexample: If Var(u;|z;) = 0222, the precision of the estimator will vary with the magnitude
of Z. Ignoring this heteroskedasticity leads to incorrect standard errors and invalid inference in
finite samples.

Assumption 5.6: Non-Stochasticity of W (or Conditioning)

e Role: For the exact derivation of the expectation in finite samples, the weighting matrix W must
be treated as fixed or dependent only on Z.

o Counterexample: If W is estimated iteratively in two steps (W = Q_l), it becomes a function of
1, which depends on y. This creates a complex stochastic dependence between W and u, making
linear factorization of the expectation impossible.

5.1.4.3 Formal Derivation Statement: Consider the linear model y = X3y + u. Let BGMM be
the estimator defined in (5.10). Under the assumptions of strict exogeneity (Assumption 5.4), rank
identification (rank(X’'ZWZ'X) = K), and non-stochasticity of W conditioned on Z (Assumption 5.6),
the estimator takes the form:

B=(X'ZWZ'X) 'X'ZWZ'y (5.12)

Theorem (Conditional Expectation). Under Assumption 5.4 (strict exogeneity):

E[|Z.X] = fo (5.13)
Proof:
Substituting y = Xy + u into (5.12):
B =P80+ (X'ZWZ'X) 'X'ZWZ'u (5.14)
Applying E[-|Z,X] and using linearity:
E[B|Z,X] = Bo + (X'ZWZ'X) ' X'ZWZ' E[u|Z,X] (5.15)
By Assumption 5.4, E[u|Z,X] = 0:
E[B|Z,X] = By (5.16)
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Theorem (Conditional Variance). Under Assumption 5.5 (homoskedasticity), the conditional variance
of the GMM estimator is:

Var(8|Z,X) = 0*(X'ZWZ'X) "' X'ZW(Z'Z)WZ'X (X' ZWZ'X) "} (5.17)

Proof:
By definition:

Var(B|Z,X) = E[(3 — 0)(B — bo)'|Z, X] (5.18)
Defining M = (X'ZWZ'X) ' X'ZWZ':

Var(8|Z,X) = ME[uu'|Z, X]M' (5.19)

Under homoskedasticity (Assumption 5.5): E[uu’|Z,X] = ¢21,,.

Substituting M and simplifying:

Var(8|Z,X) = 0*(X'ZWZ'X) "' X'ZW(Z'Z)WZ'X (X' ZWZ'X) "} (5.20)

Special Case: 2SLS Estimator

If we choose W = (Z/Z)~?, the conditional variance simplifies to:

Var(f2s1s|Z,X) = 0*(X'PzX) ™! (5.21)

where Pz = Z(Z'Z)~1Z’ is the orthogonal projection matrix onto Col(Z).

5.1.4.4 Role of Assumptions in the Derivation

1. Strict Exogeneity (Assumption 5.4): Was indispensable in Step 2 of the expectation proof. If
the error is conditionally correlated with the instruments or regressors, E[u|Z, X] # 0, generating
bias in finite samples.

2. Non-Stochasticity of W (Assumption 5.6): Allowed W to be treated deterministically in
the expectation operator. In the classical two-step GMM, this premise is violated, introducing
additional bias in small samples.

3. Homoskedasticity (Assumption 5.5): Was used to simplify the conditional variance. Under
heteroskedasticity, the general expression (5.17) requires the substitution of 0%I,, by €:

Var(8|Z,X) = (X'ZWZ'X) "' X'ZWZ'QZWZ'X (X'ZWZ'X)~* (5.22)
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5.1.5 Relative Efficiency of the GMM Estimator

5.1.5.1 Motivation The question of relative efficiency in the Generalized Method of Moments
(GMM) lies in the choice of the ideal “metric” to optimally combine the information contained in different
moment conditions. When the model is overidentified (L > K), there are infinitely many ways to weight
the sample moments to obtain a consistent estimator. However, not all choices of weights are equivalent
in terms of asymptotic variance.

The central problem is to determine whether an estimator structured with a weight matrix W; is
statistically superior to another structured with Ws. In multivariate statistics, this is formalized by
the extended Gauss-Markov efficiency: an estimator is globally more efficient than another if the
difference between their respective variance-covariance matrices is a Positive Semidefinite (PSD)
matrix.

Geometric Interpretation: Projection in Hilbert Space

Geometrically, the search for the optimal GMM estimator can be visualized as an orthogonal projection
in a Hilbert space deformed by the intrinsic variance of the moments. If we think of the moments as
vectors in RY, the GMM estimator projects the data onto the subspace spanned by the derivatives of the
moments (the Jacobian matrix G). The choice of the weight matrix W defines the angle and metric of
this projection. The “Optimal” estimator is the one that adopts the inverse of the moment covariance
matrix (A1) as the metric, performing an orthogonal projection in the statistical sense, minimizing
the volume of the error ellipsoid. Any other choice of W results in an “oblique” projection, presenting
necessarily larger or equal variance.

5.1.5.2 Assumptions for Efficiency Assumption 5.7: Comparability of Variances (PSD
Ordering)

e Role: Allows establishing an unambiguous partial order between estimators. We define that
Var(f,) = Var(0,) if, for any non-zero constant vector ¢ € RX | the variance of the linear combination
c'0y is greater than or equal to that of ¢’d;.

e Counterexample: Without ordering based on the PSD property, we could have an estimator with
smaller variance for the first parameter but larger for the second, preventing a global declaration of
superiority between estimation methods.

Assumption 5.8: Invertibility of the Moment Covariance Matrix (A)

« Role: Strictly necessary to define the optimal weight matrix W* = A~!. Ensures the absence of
perfectly redundant moment conditions that would generate singularity in the matrix.

e Counterexample: If two moment conditions were perfectly correlated in the population, A would
be singular and the weight assigned to that specific direction would be mathematically undefined,
collapsing the determination of the efficient estimator.

5.1.5.3 Formal Statement and Derivation Let éA be the consistent GMM estimator that uses a
symmetric positive definite weight matrix A, and 6,,: be the estimator that adopts the optimal weight
matrix W* = A~!. Their respective asymptotic variances are given by:

1. Variance for W = A (“Sandwich” Form):
V(A) = (G'AG) 'G’AAAG(G'AG) ™! (5.23)

2. Variance for W = A~! (Optimal Form):
VA =(G'AIG)! (5.24)

Theorem (Hansen, 1982). Under regularity conditions, the difference matrix D = V(A) — V(A1) is
Positive Semidefinite (D > 0) for any choice of A.

V(A) = V(AT (5.25)
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Proof:

We will prove that V(A=1)~1 = V(A)~!, which is equivalent for positive definite matrices.
Step 1: Cholesky Decomposition and Change of Basis

Let A = AY/2A'/2 be the Cholesky decomposition. We define:

H=A12G, K=AY2AG (5.26)

Step 2: Rewriting the Inverse Variances

The inverse of the optimal variance:
VA ) !'=G'A'G=HH (5.27)
The inverse of the “sandwich” variance:
V(A)™! = (G’AG)(G'AAAG) }(G'AG) (5.28)
Expanding with the auxiliary definitions:
G'AG =H'K, G'AAAG =K'K (5.29)
Substituting into (5.28):
V(A ' =HKKK) 'K'H=HPH (5.30)
where Px = K(K'K) 'K’ is the orthogonal projection matrix onto Col(K).
Step 3: Analysis of the Matrix Difference
A=VA H - VA)'=HH-HPxH=HI-Pyr)H (5.31)

Step 4: Property of Positive Semidefiniteness

Let Mg = I—Pg be the annihilator matrix. By the property of orthogonal projections, M i is symmetric
and idempotent (M?% = Mf ), hence Mg = 0.

For any vector z € RX:

7z’ Az =7z7HMgHz = (Hz) Mg (Hz) > 0 (5.32)

Hence, A = 0, which implies V(A) = V(A~!). O

5.1.5.4 Role of Assumptions in the Derivation The assumption of Invertibility of A (Assump-
tion 5.8) was indispensable for performing the structural decomposition described in Step 1, enabling
the construction of the complementary projection matrix Mg. Without the validity of this premise, the
geometric equivalence between statistical optimality and projection orthogonality would be broken, and
the optimal estimator could not be uniquely defined.
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5.1.6 Asymptotic Properties of the GMM Estimator

5.1.6.1 Motivation The asymptotic properties of the GMM estimator describe its limiting behavior
as n — oo. While finite-sample analysis deals with the exact distribution — often unknown or analytically
intractable for non-linear models — asymptotic theory provides standardized and tractable approximations
for conducting valid statistical inference.

The central problem solved here is guaranteeing consistency and deriving a stable limiting distribution.
Consistency ensures that, as the sample size grows, the estimator will converge in probability to 6.
Asymptotic normality guarantees that the distribution of the estimation error scaled by /n approaches a
multivariate normal distribution, underpinning conventional hypothesis tests.

5.1.6.2 Assumptions for Asymptotic Properties Assumption 5.9: Global Identification
(Uniqueness)

e Role: Ensures that 6 is the only point in the parameter space capable of zeroing the population
moment conditions: E[f(w;,0)] =0 <= 0 = 6,.

¢ Counterexample: If there are multiple candidate values that simultaneously satisfy the population
moment conditions, the objective function will exhibit multiple global minima and the estimator
may oscillate indefinitely between them, breaking consistency.

Assumption 5.10: Stationarity and Ergodicity

¢ Role: Allows the application of the Law of Large Numbers, ensuring that the sample means of the
moment conditions and their derivatives converge in probability to their population expectations.

o Counterexample: If the data follow non-stationary processes (such as random walks with unit
roots), the sample means will not converge to finite constants, invalidating the premise that sample
moments mimic the population structure.

Assumption 5.11: Compactness of the Parameter Space ©

¢ Role: Indispensable topological condition to ensure uniform convergence of the sample objective
function to the population one. Prevents the numerical optimizer from diverging to infinity.

e Counterexample: In an objective function that is openly decreasing toward the infinite boundaries
of the parameter space, the optimization algorithm would fail to establish a stopping point,
invalidating the formal proof of consistency.

Assumption 5.12: Existence of Second-Order Moments

o Role: Requires that S = E[f(w;, 0)f(w;, 6p)’] be finite and positive definite, enabling the applica-
tion of the Central Limit Theorem.

o Counterexample: If the errors follow heavy-tailed distributions with infinite variance (such as
the Cauchy distribution), the /n normalization would fail and the estimator would exhibit a
non-Gaussian limiting distribution.

5.1.6.3 Formal Statement and Derivation Let 6, = argmingco@n(0), where Q,(8) =
g,(0)W,g,(0). We define G, (0) = 0g,(0)/00' (L x K) and assume that its population limit
G = E[0f(w;,0,)/00'] has full rank K. Under regularity conditions, W,, £> W (positive definite) and
Vg (6o) % N(0,8).

Theorem (Asymptotic Normality of GMM). The scaled estimation error of the GMM estimator
satisfies:

Vi, —60) % N (0, (GhWGo) ' GyWSWG (G WG() ) (5.33)

Proof:
Step 1: First Order Condition (FOC)

74



Assuming that 0,, lies in the interior of the parameter space:

aniéon) = 2Gn(én)lwngn(én) =0

Step 2: Expansion via the Mean Value Theorem

~

We expand g, (0,,) around 6p:

gn(én) = gn(bo) + Gn(é)(én —6o)

where 6 lies on the segment between én and 6.
Step 3: Substitution and Scaling
Substituting (5.35) into (5.34) and multiplying by /n:

G (0,) W /1180 (00) + G (0,) W G (0) /10, — 0) = 0
Step 4: Isolating the Scaled Error

Vit = 00) = = [Gu(00) WaGn(0)]  G(0) Wov/ngn(60)
Step 5: Application of Stochastic Limits

e 0, % 0y and 0 2 6, hence Gn(én) L Gy and G, () L Gy.
« W, 5 W,
o Vngn(fo) % N(0,S).

By Slutsky’s Theorem:

-1

Gn(0,)W,Gn(0)| Gn(0,)W, L (GHWG,) 'GyW

Step 6: Consolidation of the Limiting Variance

Combining (5.38) with the CLT via continuous mapping:

VB, — 00) % N (0, (GyWG) G WSWG(GHWGy) )

(5.34)

(5.35)

(5.36)

(5.37)

(5.38)

(5.39)

5.1.6.4 Special Case: Optimal Weighting (W = S™!) Under the optimal choice of the weight

matrix, the asymptotic variance simplifies dramatically:

Vopt = ( 6871G0)71

and the limiting distribution becomes:

V(0 = 00) % N (0, (GHS™Go) ™)

(0]

(5.40)

(5.41)



5.1.6.5 Role of Assumptions in the Derivation

1. Stationarity and Ergodicity (Assumption 5.10): Was indispensable in Step 5 to ensure that
the sample moment matrices collapsed to stable and finite limits.

2. Full Rank of Gg: Ensured the existence of the inversion operation performed in Step 4, allowing
the isolation of the scaled error.

3. Global Identification (Assumption 5.9): Guaranteed that the population objective function
has a unique minimum at 6y, ensuring the consistency of the estimator.

5.1.7 Hansen Test (Overidentification Test)

5.1.7.1 Motivation The fundamental specification test in the GMM universe is the Overidentifying
Restrictions Test, routinely called the Hansen J Test. The problem this test solves is the statistical
verification of the orthogonality assumptions of the model when L > K.

In just-identified systems (L = K), the classical estimator has sufficient degrees of freedom to strictly zero
out the sample equations. However, under overidentification, GMM minimizes a weighted distance metric,
making the sample moment vector as close as possible to the null vector, but rarely zero in its entirety.
The J Test formally evaluates whether this observed “residual distance” is statistically negligible (purely
due to sample noise) or sufficiently large to indicate that the population moment conditions are violated.

Geometric Interpretation in R”:

Visualizing the sample moment conditions as a vector positioned in a space of dimension L, the GMM
estimator projects the origin onto the subspace parameterized by the model. The J statistic quantifies the
squared Euclidean distance (corrected by the optimal covariance matrix metric) between the optimized
point and the absolute origin. Excessive distances indicate that the generated subspace does not encompass
the population target, leading to the rejection of the specification.

5.1.7.2 Assumptions for the J Test Assumption 5.13: Orthogonality under the Null
Hypothesis (Hp)

e Role: Sets the scenario of validity of the structural model. Assumes that there exists 6y € © such
that E[g(w;,00)] = 0.

e Counterexample: If any instrument contains direct correlation with the structural error, the
respective moment condition will fail to converge to zero. The J statistic will diverge with n, forcing
the rejection of the model.

Assumption 5.14: Optimal Weighting

e Role: Mathematical requirement for the test statistic to collapse into a standard chi-square
distribution. Requires that W,, 2 S~1.

o Counterexample: If an arbitrary weight matrix (such as I) is adopted under heteroskedasticity,
the moments will receive distorted weights, causing the statistic to follow a linear combination of
chi-square variables with unknown weights.

Assumption 5.15: Overidentification (L > K)

+ Role: Ensures the existence of positive degrees of freedom for the test, defined by df = L — K.
e Counterexample: If L. = K, the minimized objective function will reach zero by algebraic
construction (J = 0), nullifying the power of the test.

5.1.7.3 Formal Statement and Derivation Let én be the efficient GMM estimator with W,, 2 S,
where S = E[g(w;,00)g(w;,0p)']. The Hansen J Test statistic is:

Jn =n-8n(0,)'S: g (6,) (5.42)

Theorem (Hansen, 1982). Under the null hypothesis of correct specification of the moment conditions:
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Jn = X1-K (5.43)

Proof:
Step 1: Linear Expansion of the Optimized Moment Vector

&n(0n) = 8(00) + G (00) (B — 60) (5.44)

Step 2: Substitution of the Asymptotic Estimation Error

Under optimal weighting, the estimation error is:

V0, — 0y) = —(GLS™ Go) T GLS T Vng, (60) + 0p(1) (5.45)

Step 3: Consolidation in Projection Form

Multiplying (5.44) by +/n and substituting (5.45):

Vg (0n) = [Ir, — Go(G(S ™' Go) ' G(S™!] g, (6o) (5.46)

Step 4: Standardization and Change of Basis

—1/2

Premultiplying by S via Cholesky decomposition:

§71/2 /g, (0,) ~ [1, — H(H'H)'H'] S~/2 /g, (00) = PoZ, (5.47)

where H = S71/2Gg, Py = I, — H(H'H)"'H’ is the projection matrix onto the null subspace of H’,
and Z, = S~V2/ng,(6) % N(0,1p).

Step 5: Identification of the Quadratic Form

Rewriting J,:

A / A
J, = (S*l/Qx/ﬁgn(an)) (S*I/Qﬁgn(an)) ~ 7! P\ Py Zy = Z' PrZy, (5.48)

since P is symmetric and idempotent (P32, = P ).
Step 6: Derivation of Degrees of Freedom

The trace of Py is:

tr(Py) = tr(Ip) — tr HHH)'H) =L —tr (HH)"'"HH) =L - K (5.49)

Therefore, by the theorem of quadratic forms of spherical normal vectors:

Tn 53k (5.50)
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5.1.7.4 Role of Assumptions in the Derivation

1. Optimal Weighting (Assumption 5.14): Was indispensable in Steps 4 and 5. If the weight
matrix differed from S™1, the central matrix in the final quadratic form would lose the idempotence
property, preventing simplification into a clean chi-square distribution.

2. Overidentification (Assumption 5.15): Ensures that the dimension of the null subspace is
positive (L — K > 0), providing degrees of freedom for the test.

5.1.8 Parametric Hypothesis Tests

5.1.8.1 Motivation Parametric hypothesis testing solves the fundamental problem of validating
economic theories under statistical uncertainty. Suppose a theory stipulates a specific restriction on the
parameters (for example, constant returns to scale imposing that the sum of certain coefficients equals
one). The unrestricted sample estimator 6,, will rarely fall exactly on the restriction due to sampling
fluctuations. The statistical test quantifies whether the observed deviation is probabilistically tolerable or
indicates rejection of the theoretical hypothesis.

Geometric Interpretation in R¥:

Consider the topography of the GMM objective function, @, (6), as a hyperbolic surface (“bowl”) in
the parameter space. The unrestricted estimator 0,, lies exactly at the lower vertex (bottom of the
bowl). When we impose a set of theoretical restrictions defining a subspace or hyperplane, the restricted
estimator 6,, will correspond to the lowest point on the surface that intersects the restriction hyperplane.
The tests evaluate, from different perspectives, the loss of optimality (the gain in height in the “bowl”)
resulting from the displacement from the unrestricted minimum to the restricted minimum.

5.1.8.2 Assumptions for Parametric Tests Assumption 5.16: Asymptotic Normality of the
Estimator

¢ Role: Ensures that, in large samples, the scaled sampling distribution of the estimation error follows
a Gaussian law, allowing quadratic forms to be mapped directly to stable chi-square distributions.

¢ Counterexample: Under violation of fourth-order moments, the limiting distribution of the
estimator would exhibit non-standardized variability, invalidating p-values derived from the x?
table.

Assumption 5.17: Smoothness and Full Rank of the Restriction

e Role: The set of restrictions structured as r(f) = 0 must be continuously differentiable to allow
stable linear approximations via Taylor Expansion (Delta Method).

¢ Counterexample: If the restriction contains points of discontinuity or geometric corners, the
derivative matrix will fail to be defined, collapsing the calculation of the test covariance matrix.

5.1.8.3 Wald Test Theorem (Wald Test). Under the null hypothesis Hy : r(y) = 0, the Wald
statistic:

Wy, =n-r(6,) [R(én)ng(én)' r(0,) (5.51)

where R(0) = 0r(0)/060' (¢ x K), satisfies:

(5.52)

Proof (sketch): From the asymptotic normality result, v/n(6, — 6o) 4 N(0,Vy). By the Delta Method,
Vnr(8,) 4N (0,RVyR/). The quadratic form with the inverse variance converges to x2. [
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5.1.8.4 GMM Distance Test An alternative robust methodology consists of the direct evaluation of
the increment suffered by the minimized objective function when moving from the unrestricted to the
restricted model:

Do =1 |Qu(6,) — Qn(én)} (5.53)

where 6,, denotes the minimizer of the objective function under the imposition of the restriction r(#) = 0.

Theorem (Distance Test). Under the null hypothesis and using the same optimal weighting
matrix for both models:

D, %2 (5.54)

Indispensable Assumption: For the distance statistic to converge rigorously to ng it is strictly

mandatory that the same optimal sample weighting matrix (Sg 1) be employed in the estimation of
both models (restricted and unrestricted). If different weight matrices were used, the difference between
the objective functions would incorporate spurious metric variations, destroying the idempotent structure
necessary for convergence to a pure 2.

5.2 Special Cases of GMM

The Generalized Method of Moments (GMM) constitutes a unifying framework that encompasses various
classical estimators as special cases, depending on the choice of the weighting matrix W,, and the
definition of the moment conditions. This section explores nine special cases, organized in increasing
order of generality, demonstrating how GMM subsumes them as particular cases.

5.2.1 Perfectly Identified GMM (Just-Identified)

5.2.1.1 Motivation and Geometric Interpretation Perfectly identified GMM (or just-identified)
solves the problem of estimating parameters in systems where the number of moment conditions is strictly
equal to the number of parameters (L = K). While general GMM deals with overidentification by
transforming it into a quadratic optimization problem, the perfectly identified case reduces to a classical
root-finding problem for a system of simultaneous equations.

Geometric Interpretation in R¥:

Each sample moment condition can be visualized as a surface (or hyperplane, in the linear case) of
dimension K — 1 in REX. In a perfectly identified model (L = K), the GMM estimator locates the exact
point where these K surfaces intersect. Unlike the overidentified case (L > K'), where surfaces rarely
meet at a single point due to sample noise, in the L = K case there exists a 0 that zeros all equations
simultaneously. Geometrically, the estimator is the common vertex of these sample surfaces, making
the choice of the distance metric (the matrix W) irrelevant for the final solution.

5.2.1.2 Assumptions Assumption 5.18: Exact Identification (Just-Identification)

¢ Role: Ensures that the number of moment conditions L is strictly equal to the number of parameters
K (L = K). This allows the system of equations to be solved without the need to weight the
relative statistical importance of different moments.

e Counterexample: If L > K, the system becomes overdetermined and does not have a common
root for all sample moments, requiring a weight matrix W to minimize a quadratic distance.

Assumption 5.19: Non-Singular Jacobian
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o Role: Ensures that the K moment conditions are not linearly dependent. Formally, rank(Gg) = K,
where Gg = E[0g(w;,00)/00].

o Counterexample: If one moment condition is an exact linear function of another, the system will
have infinitely many solutions, preventing the location of a unique value for 0.

5.2.1.3 Formal Statement and Derivation Let {w;}? ; be a sequence of stationary and ergodic
random vectors. Let 6, € © C RE be the true vector. We define g : R x © — Rl with L = K.

The perfectly identified GMM estimator 6, is defined as the argument that minimizes:

Qn(0) = 8, (0)' W8, (0) (5.159)

where g,(0) = £ 3" | g(w;,f) and W,, is positive definite. Under just-identification, the estimator

satisfies g,,(6,,) = 0.
Theorem (Independence of the Weight Matrix). Under L = K and Assumption 5.19, the estimator

~

0, is independent of W,, and satisfies:

gn(0,) =0 (5.160)

Proof:

By the definition of a positive definite matrix, x'Wx =0 <= x=0. If L = K and Assumption 5.19
is satisfied, there exists 0,, such that g, (6,) = 0 (by the Inverse Function Theorem). Substituting into
(5.159), we obtain @, (6,) = 0, which is the global minimum, regardless of W,,. O

Theorem (Asymptotic Normality). Under regularity conditions:

Va0, —00) % N (0, Gg'S(Gp) ™) (5.161)

where S = E[g(w;,6)g(w;,0)].

Proof (sketch): Expanding gn(én) around 6y via the Mean Value Theorem, isolating \/ﬁ(én —6p), and
applying the CLT with \/ngn(60) % N(0,S) yields (5.161). O

5.2.1.4 Role of Assumptions The assumption of Exact Identification (L = K) was indispensable
for ensuring that the Jacobian matrix Gg was square, allowing direct inversion in (5.161). If L > K, the
matrix would not be square, preventing inversion and requiring the use of the weight matrix W to define
the estimator through the first-order conditions of the quadratic form.

5.2.2 Optimal GMM (Efficient)

5.2.2.1 Motivation and Geometric Interpretation Optimal GMM solves the problem of statistical
inefficiency in overidentified systems (L > K). In basic GMM, any positive definite weighting matrix
W,, produces a consistent estimator, but the precision (variance) of the estimates depends critically on
how different moments are weighted.

Geometric Interpretation in R”:

Visualize the sample moment vector g,(6) as a point in a space of dimension L. The weighting matrix
W defines the distance metric (the geometric deformation of the error ellipsoid). If the moments have
distinct variances or are correlated, simple Euclidean distance (W = I) ignores that some information is
more “noisy” than others. Optimal GMM uses S™! to rotate and scale the space, so that the projection
occurs in the direction of minimum variance.
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5.2.2.2 Assumptions Assumption 5.20: Overidentification

e Role: Ensures that L > K, allowing the choice of W to be statistically relevant for asymptotic
efficiency.

e Counterexample: If L = K, the system has a unique solution with gn(é) = 0, making W
irrelevant.

Assumption 5.21: Consistency of the Weighting Matrix

+ Role: Requires that W,, % S~ where S = E[m(w;, 6p)m(w;,6)"].
« Counterexample: If W,, converges to A # S™!, the estimator will still be consistent, but the
asymptotic variance will be larger (in the PSD sense) than that of the optimal GMM.

5.2.2.3 Formal Statement and Derivation The optimal GMM estimator éopt minimizes:

where S,, & S = E[m(w;, 6p)m(w;, 6,)'].

Theorem (Efficiency of Optimal GMM). Under regularity conditions:

Vifopt — 00) 5 N (0, (G{S™'Go) ™) (5.163)

and for any other positive definite matrix W:

\V(W) > V(S_l)‘ (5.164)

A A~ ~

Proof (sketch): The FOC of GMM is G, (0,,)W,g,(0,) = 0. Expanding g,(6,) around 6y and
applying Slutsky yields the variance V(W) = (G{WGo) 'G{WSWG,(G{WGg)~!. For W = S~1,
V(S™1) = (G{S™1Gg)~!. The proof of V(W) = V(S7!) follows by the projection matrix argument
presented in Section 5.1.5. I

5.2.2.4 Role of Assumptions The assumption of Consistency of W,, to S™! was indispensable.
If W does not collapse exactly to the inverse of the population variance of the moments, the algebraic
simplification fails, preventing the estimator from reaching the lower bound of asymptotic variance.

5.2.3 Method of Moments (MM)

5.2.3.1 Motivation and Geometric Interpretation The Method of Moments (MM), system-
atized by Karl Pearson (1895), solves the problem of estimating population parameters when one does
not wish (or cannot) assume a strict functional form for the distribution of the data, but has grounded
knowledge about the mathematical expectations of certain functions of the random variables.

Geometric Interpretation in R¥:

Each population moment condition F[g(w;, )] = 0 establishes a surface (or hyperplane) of dimension
K — 1 in the parameter space. In MM, with exactly K equations for K parameters, the estimator 6 s
is located at the unique intersection of these K sample-estimated surfaces.
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5.2.3.2 Assumptions Assumption 5.22: Exact Identification

e Role: Ensures that L = K, allowing a uniquely determined solution.
e Counterexample: If L > K, the system becomes overdetermined and there will be no 6 that zeros
all sample moments simultaneously.

Assumption 5.23: Rank Condition

» Role: Ensures that Go = E[0g(w;,00)/00'] is non-singular.
e Counterexample: If we try to estimate the mean and variance using only the first moment and a
linear function of it, the Jacobian matrix will have rank 1, making the parameters indistinguishable.

5.2.3.3 Formal Statement and Derivation The method of moments estimator én is defined as the
exact solution of the system of K sample equations:

gn(0) = = > g(wi,0) = 0 (5.165)

Theorem (Asymptotic Normality of MM). Under regularity conditions:

V0, —60) & N (0, Gy 'S(G)) ™) (5.166)

Proof: Expanding gn(én) around 6y via the Mean Value Theorem:

— A

0 =gn(0o) + Gn(0)(6r — o)

Multiplying by /n, isolating, and applying CLT + Slutsky yields (5.166). O

5.2.3.4 Role of Assumptions The assumption of Just-Identification (L = K) was indispensable
for ensuring that the Jacobian matrix Gg was square, allowing its direct inversion without resorting to
projections based on external weighting matrices.

5.2.4 Ordinary Least Squares (OLS)

5.2.4.1 Motivation and Geometric Interpretation OLS solves the problem of estimating the
linear relationship between a dependent variable and regressors under the assumption of exogeneity. In
the GMM context, it is the special case of exact identification (L = K) where the moment function is
defined by the orthogonality condition between the regressors and the error.

Geometric Interpretation in R":

The OLS estimator performs an orthogonal projection of y onto the linear subspace spanned by the
columns of X. The residual vector e = y — ¥ is perpendicular to each column of X, validating the sample
moment condition X'e = 0.

5.2.4.2 Assumptions Assumption 5.24: Population Orthogonality

o Role: States that E[x;e;] = 0.
¢ Counterexample: In a supply and demand model, if price is determined simultaneously with
quantity, OLS will be inconsistent.

Assumption 5.25: No Perfect Multicollinearity
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o Role: Ensures that Q,, = E[x;x}] is invertible.
¢ Counterexample: Including “weight in kg” and “weight in pounds” as distinct regressors generates

singularity.

5.2.4.3 Formal Statement and Derivation The OLS estimator Bn is the GMM that uses g(w;, 3) =
x;(y; — x;0) and W,, = I.
Defining g,(8) = 2 31, xi(y; — x,8), the FOC is g,(8,) = 0:

1 « R
~ > _xilyi —xiB.) =0 (5.167)
i=1

Isolating:

n -1 n
B = <Z Xixé> (Z Xi?Ji) (5.168)
=1 =1

Theorem (Consistency and Normality). Under exogeneity:

plim 3, = By (5.169)

V(B - Bo) & N (0, Q;10Q;)) (5.170)

where Q = E[e?x;x}].

5.2.4.4 Role of Assumptions The assumption of Orthogonality (E[xe] = 0) was indispensable.
Without it, the term %X’ € would converge to a non-zero value, generating inconsistency.

5.2.5 Robust Variance (Eicker-Huber-White)

5.2.5.1 Motivation and Geometric Interpretation The EHW estimator solves the problem of in-
valid inference under unknown heteroskedasticity. OLS remains consistent under heteroskedasticity,
but the classical formula ¢?(X’X)~! becomes biased.

Geometric Interpretation in R":

Under homoskedasticity, the error vector u resides in a probability sphere. Under heteroskedasticity,
this sphere deforms into an ellipsoid with non-uniform axes. EHW projects the variability of these
individual deviations back to R¥, adjusting the “width” of the confidence ellipses for each direction.

5.2.5.2 Assumptions Assumption 5.26: Independence of Observations

e Role: Ensures that & = E[uu’] is diagonal.
e Counterexample: In time series with autocorrelation, the standard EHW would underestimate
the variance.
Assumption 5.27: Existence of Fourth-Order Moments
« Role: Ensures the convergence of 1 3 x;x}é?.
e« Counterexample: Heavy-tailed distributions prevent stable convergence.
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5.2.5.3 Formal Statement and Derivation Let Bn be the OLS estimator and é; = y; — x;Bn The
EHW estimator is:

Vegw = n(X'X)™! (Z xix;éZ?) (X'X)~! (5.171)
=1

Theorem (Consistency of EHW). Under Assumptions 5.26 and 5.27:

Venw 5 Q7'SQ ™! (5.172)
where Q = E[x;x}] and S = E[u?x;x].

Proof (sketch): (3, — o) % N(0,Q~'SQ~1). The consistency of § = L3 x;x}e? for S follows
from the expansion &; = u; — X;(Bn — fBo) and the consistency of B,. O

5.2.5.4 Role of Assumptions Independence (Assumption 5.26) was indispensable. If there were
serial correlation, the “filling” of the sandwich would accumulate cross-covariance terms, invalidating the
purely additive form of (5.171).

5.2.6 Generalized Least Squares (GLS)

5.2.6.1 Motivation and Geometric Interpretation GLS solves the problem of efficient estimation
in the presence of a known covariance structure € for the errors, allowing observations with higher
variance to receive lower relative weight.

Geometric Interpretation in R":

In GLS, the space is modified by a transformation P such that P'P = ©~!. This is equivalent to
performing an orthogonal projection in a non-Euclidean metric space, where distances are
weighted by the inverse of the covariance matrix.

5.2.6.2 Assumptions Assumption 5.28: Positive Definite Covariance Structure

« Role: Assumes Var(u|X) = %€, with Q SPD.
¢ Counterexample: If €2 is singular, correct weighting of observations becomes impossible.

5.2.6.3 Formal Statement and Derivation GLS is the GMM with g,(3) = 2X'Q7!(y — X3) and
W,, = Ik (just-identified).

The FOC g,(BaLs) = 0 yields:

Bars = (X'Q7'X)7'X'Q 1y (5.173)

Theorem (Asymptotic Normality of GLS). Under exogeneity:

Vi(Bers — o) & N (0, U2Q;li) (5.174)

where Qg5 = E[X'Q 71X /n].
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5.2.6.4 Role of Assumptions The assumption of Exogeneity (F[x;u;] = 0) was indispensable. If
the regressors are endogenous, GLS will converge to a biased value, and the efficiency correction will only
alter the weight of the bias, without removing it.

5.2.7 Instrumental Variables (IV)

5.2.7.1 Motivation and Geometric Interpretation IV solves the problem of endogeneity when
E[x;e;] # 0. In GMM, it is the case of exact identification (L = K) with instruments Z.

Geometric Interpretation in R":

OLS projects y onto Col(X). If X is correlated with the error, the subspace is “tilted.” IV uses Z as an
external reference, projecting y onto Col(X) only in the direction that is orthogonal to Z.

5.2.7.2 Assumptions Assumption 5.29: Exogeneity of the Instrument

» Role: E[z;¢;] = 0.
e Counterexample: If the instrument is endogenous, IV will be inconsistent.

Assumption 5.30: Relevance of the Instrument

» Role: rank(F[z;x}]) = K.
e Counterexample: Weak instruments generate infinite variance.

5.2.7.3 Formal Statement and Derivation IV is the GMM with g,,(8) = 1Z'(y — X$) and L = K.
The FOC gn(Blv) = 0 yields:

Brv = (Z'X)"'Zy (5.175)

Theorem (Consistency and Normality of IV). Under Assumptions 5.29 and 5.30:

plim 37y = Bo (5.176)

\/ﬁ(BIV - BO) i> N (Oa U2Q;;QZZQ;21) (5177)

5.2.7.4 Role of Assumptions Relevance (Assumption 5.30) was indispensable. If Z'X were
singular, the inverse would not exist and the IV estimator would be undefined.

5.2.8 Two-Stage Least Squares (2SLS)

5.2.8.1 Motivation and Geometric Interpretation 2SLS simultaneously solves endogeneity and
overidentification. When L > K the system is overidentified, and 2SLS emerges as the special case of
GMM with W,, = (Z'Z)~ L.

Geometric Interpretation in R™:

1. First Stage: Project X onto Col(Z): X =PzX.
2. Second Stage: Regress y on X.
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5.2.8.2 Assumptions Assumption 5.31: Exogeneity of the Instrument
o Role: E[Z'u] = 0.

Assumption 5.32: Relevance of the Instrument
« Role: rank(F[Z'X]) = K.

Assumption 5.33: Homoskedasticity
o Role: Ensures that W,, = (Z'Z)~! is optimal.

5.2.8.3 Formal Statement and Derivation 2SLS is the GMM with g,(8) =
W, =(Z'Z)7".

Minimizing @, (8) = (y — X8)'Pz(y — X5):

Z'(y — Xj) and

1
n

BasLs = (X'PzX)'X'Pry (5.178)

Theorem (Asymptotic Normality of 2SLS). Under Assumptions 5.31 to 5.33:

Vn(Basrs — Bo) 4N (0, (2,20 %)) (5.179)

5.2.8.4 Role of Assumptions Relevance (Assumption 5.32) was indispensable. If Z is not
correlated with X, the matrix (X'P zX) will be singular, making the estimator impossible to define.

5.2.9 Three-Stage Least Squares (3SLS)

5.2.9.1 Motivation and Geometric Interpretation 3SLS solves the problem of statistical inef-
ficiency in overidentified systems of simultaneous equations. While 2SLS estimates each equation in
isolation, 3SLS treats the system as a single block, using the covariance matrix of the residuals to weight
the global system.

Geometric Interpretation in R™:

3SLS operates in a subspace of dimension nL where the equations are “coupled.” The geometry involves
an oblique projection adjusted by the cross-covariance matrix 3, resulting in a confidence ellipsoid
that is “contracted” relative to 2SLS.

5.2.9.2 Assumptions Assumption 5.34: Systemic Exogeneity

« Role: E[z;uj;] = 0 for all j.
¢ Counterexample: If an instrument is correlated with the shock of another equation, 3SLS will
spread the bias throughout the entire system.

Assumption 5.35: Non-Singularity of the Cross-Covariance

« Role: ¥ = F[u;u}] must be SPD.
e Counterexample: If the errors of two equations are perfectly correlated, 3 will be singular.
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5.2.9.3 Formal Statement and Derivation Consider the stacked system y = Xj + u, with
X = diag(Xl, .. .,XL) and Z = IL R 2.

3SLS is the GMM with g, (8) = 1Z'(y — X8) and W,, = [L1Z (2@ 1,)Z] "' =& ' @ (Z'Z)"".

The FOC yields:

1
n

Basrs = [(X'(Z 1o Py)X] 'X(Z 1 aPy)y (5.180)

Theorem (Asymptotic Normality of 3SLS). Under Assumptions 5.34 and 5.35:

Vin(Bssrs — Bo) 4N (0, {EX'(Z'@P)X]|} ) (5.181)

5.2.9.4 Role of Assumptions The assumption of Non-Singularity of 3 (Assumption 5.35) was
indispensable. Without the invertibility of 3, we could not define the optimal weight metric 3! that
couples the equations. Without this coupling, the estimator would collapse to equation-by-equation 2SLS,
losing the efficiency gains from the correlation between errors.

5.2.10 Generalized Nonlinear Least Squares (GNLLS)

5.2.10.1 Motivation and Geometric Interpretation Generalized Nonlinear Least Squares
(GNLLS) solves the problem of estimating parameters in models where the functional relationship
between variables is inherently non-linear and the stochastic errors exhibit a non-spherical structure
(heteroskedasticity or autocorrelation). While classical OLS and GLS are limited to linear response
surfaces (hyperplanes), GNLLS allows the researcher to model complex phenomena, such as logistic
growth curves or exponential decay, without sacrificing statistical efficiency in the presence of correlated
errors.

In the GMM context, GNLLS emerges as a special case where the moment conditions are derived from
the gradient of the non-linear function, weighted by the inverse of the error covariance matrix.

Geometric Interpretation in R3:

Imagine a cloud of points in R3 that appears to be distributed along a curved surface (such as a saddle
or a rotated parabola). The GNLLS estimator seeks the parametric surface that best fits these points.
Due to the covariance structure €2, the “best” proximity is not measured by simple vertical Euclidean
distance, but by a metric that “stretches” or “compresses” the sample space to compensate for the unequal
variability of the errors. Visually, GNLLS performs an oblique projection onto the non-linear manifold,
where the projection angle is dictated by the correlation structure among the errors.

5.2.10.2 Assumptions Assumption 5.36: Differentiability and Continuity of the Model

o Role: Ensures that the response surface h(x;, 6) is smooth enough to allow the use of gradient-based
optimization methods and the application of Taylor expansion in asymptotic theory.

o Counterexample: If h(-) were a step function (discrete), the gradient would be zero or undefined
over almost the entire domain, making it impossible to locate the minimum via first-order conditions.

Assumption 5.37: Global Identification (Uniqueness)

¢ Role: Ensures that there exists only one vector 6y in the parameter space © that minimizes the
population cost function.

o Counterexample: If the model is overparameterized (e.g., y = 0105z +¢), there will be a continuum
of combinations of #; and 65 that produce the same fit, making the Jacobian matrix singular.

Assumption 5.38: Non-Singularity of the Covariance Matrix
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« Role: Ensures that the optimal weight matrix of GNLLS, W = Q™ !, exists and is positive definite,
allowing the “spherification” of the transformed errors.

e Counterexample: If two errors were perfectly correlated, €2 would be singular, preventing the
numerical computation of the objective function.

5.2.10.3 Formal Statement and Derivation Consider the non-linear model y; = h(x;, 0y) +&;, where
Ele;|x;]) = 0. Let y € R™ be the dependent vector and h(X, 8) € R™ the vector of functions. Assume that
Elee’|X] = 029, where Q is a known SPD matrix.

The GNLLS estimator én minimizes:

Qn(0) = [y — h(X,0))'2"'[y — h(X, 0)] (5.186)
Step 1: First Order Condition (FOC)
Differentiating and setting to zero:
VoQn(0,) = —23(0,)'Q 'y —h(X,0,)] =0 (5.187)
where J(0) = 0h(X,0)/06" is the n x K Jacobian matrix.
Step 2: Taylor Expansion (Linearization)
Expanding h(X, 8,,) around 6;:
h(X,0,) ~ h(X,600) + J(60)(6 — o) (5.188)

Substituting into (5.187) and using y = h(X, y) + &:

J(0,) Qe — I (06) (B, — 0p)] ~ 0 (5.189)

Step 3: Isolating the Estimation Error

J(0,)' Q713 (00) (0, — 00) ~ I(0,) Qe (5.190)
Multiplying by +/n and premultiplying by the inverse:

-1

Vi, —6y) ~ %J(én)/srlJ(eo) —J(0,) Qe (5.191)

Step 4: Stochastic Limits and Asymptotic Distribution

« 0,5 00=>306,) %3

e 131, & H,

- L3071 5 N(0,07Hy)
By Slutsky’s Theorem:

Vb, —60) L N (0, 0*Hy ) (5.192)

5.2.10.4 Role of Assumptions The Non-Singularity of  (Assumption 5.38) was indispensable
for defining the metric of the objective function and allowing the scaling of the error. Differentiability
(Assumption 5.36) was essential for the linear expansion; without it, the estimator could not be
approximated by a normal form.
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5.2.11 Maximum Likelihood Estimator (MLE)

5.2.11.1 Motivation and Geometric Interpretation The Maximum Likelihood Method (MLE)
solves the problem of estimating population parameters when the researcher assumes a complete functional
form for the conditional or joint probability distribution of the data. While pure GMM is often used in
semiparametric contexts (knowing only moment conditions about unknown distributions), MLE is the
parametric reference estimator that, under correct specification, attains the Cramér-Rao lower bound,
being the asymptotically most efficient estimator possible.

In the GMM context, MLE can be derived as a special case of exact identification (L = K), where
the population moment conditions are not chosen arbitrarily but extracted directly from the adopted

probabilistic structure: the moments are the components of the score function (the gradient vector of
the log-likelihood).

Geometric Interpretation in R¥:

Consider the log-likelihood function as a hyperbolic “mountain surface” projected over the compact
parameter space of dimension K. The MLE estimator locates the peak (global maximum) of this
surface. Geometrically, at this peak, the tangent plane is perfectly horizontal, meaning that the gradient
vector (score) s(w,0) is zero. The Fisher Information Matrix Z(6) acts as a measure of curvature
(the negative Hessian matrix) of this surface at the top: the sharper the mountain (greater negative
curvature), the more information the data provide about the precise location of the parameter.

5.2.11.2 Assumptions Let f(x,0) be the probability density and 6 € © the parameter vector.
Assumption 5.39: Correct Model Specification

o Role: Ensures that the assumed parametric density f(x,6) coincides with the true population
density generating the data at = 0. It is necessary to ensure consistency and the attainment of
maximum Fisher efficiency.

o Counterexample: If the actual data follow a Student’s ¢ distribution (heavy tails), but we model
via MLE assuming a Normal distribution, the estimator may be inconsistent. In the case of
Quasi-MLE (QMLE), it may retain consistency under certain conditions but will lose efficiency,
requiring robust variance-covariance matrices.

Assumption 5.40: Identifiability (Uniqueness)

e Role: Ensures an injective correspondence between the parameter space and the family of distribu-
tions, such that f(x,601) # f(x,0s) if and only if 61 # 65.

o Counterexample: In a linear model where y; = (61 + 03)x; + ¢;, it is impossible to isolate the
individual effects. The likelihood surface will exhibit a perfectly flat “ridge” (infinite maxima),
resulting in a singular information matrix.

Assumption 5.41: Fisher Regularity Conditions

e Role: Allows the interchange between integration over the support and differentiation in the
parameter space. It is indispensable for proving that the mathematical expectation of the score is
identically zero and for establishing the equality of the information matrix.

¢ Counterexample: If the support of the distribution intrinsically depends on the parameter
(for example, a Uniform distribution on the interval [0, 0]), the density will not be continuously
differentiable at the boundaries of the support, breaking the standard asymptotic normality with
convergence rates different from /n.

5.2.11.3 Formal Statement and Derivation Let {x;}? ; be a simple random sample (i.i.d.) with
population density given by f(x;,6y). We define:

1. Likelihood Function: L(0) =[], f(x;.0).

2. Log-Likelihood: ¢(f) = InL(#) = >°"" | In f(x;,6).

3. Score Function: s(x;,0) = Vgln f(x;,6) (K x 1).

4. Fisher Information Matrix (Unit): Z(0) = E[s(x;,0)s(x;,0)'] = —E[V2, In f(x;,0)].
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Theorem (Asymptotic Normality of MLE). Under Fisher’s regularity conditions, the maximum
likelihood estimator 6,, satisfies:

Vb, —00) L N (0, Z(65) 1) (5.186)

Proof:
Step 1: Sample Moment Condition
MLE can be defined as the estimator that solves the system of sample moment equations g, (,) =

% Yo s(xi, én) = 0. By the necessary condition for the existence of a maximum at an interior point:

n

> s(xi,0n) =0 (5.187)

i=1
Step 2: Score Property (Zero Expectation)

We prove that E[s(x;,6p)] = 0.

By the regularity assumption (Assumption 5.41), we interchange integral and derivative:

Vo f(x,60)

E[s(x;,00)] = f(x,00)

F(x, 00)dx = Vg / F(x, 09)dx

Since [ f(x,0y)dx =1 over the entire support by definition of density:

Els(xi,00)] = V(1) = 0 (5.188)

Step 3: Linear Expansion via the Mean Value Theorem

We expand the system of sample score equations (5.187) around the true parameter y:

0= ZS(XZ‘, 90) +
=1

i Vors(x, 9)] (0, — 60) (5.189)
=1

where 6 is a stochastic mean vector lying on the segment between 6,, and 6.
Step 4: Scaling and Matrix Isolation
Multiplying expression (5.189) by ﬁ and isolating the scaled sample error:

Z (x4,00) = l ngls x;,0 ] V(B — o) (5.190)

Premultiplying by the inverse of the average sample Hessian matrix (guaranteed asymptotically by full
rank):

VB, — ;) = l Zveg,lnfxl, )] <

Step 5: Application of Limit Theorems

> " s(xi,00) ) (5.191)
i=1

s

o CLT: Since the individual scores s(x;, ) are i.i.d. with zero expectation and covariance matrix

1(90)2

L is(xi, 90) i) N (07 I(ao))
=1

B
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e WLLN: By the consistency of 6,, & 6, and continuity of the second derivatives:
I -
- > Ve In f(xi,0) & E Ve In f(x;,00)] = —Z(60) (5.192)
i=1

Step 6: Final Result via Slutsky
Applying Slutsky’s Theorem:

V(0 = 60) 5 —[~Z(60)] " N (0, Z(6)) (5.193)

V0, — 00) & N (0, Z(6p) ") (5.194)

5.2.11.4 Role of Assumptions The Regularity assumption (Assumption 5.41) was indispensable
for geometrically sustaining Fisher’s identity (S = —G). Without this interchange of operators, the
limiting variance of the score would not coincide with the negative population Hessian, forcing the
appearance of a sandwich-type structure and breaking the direct asymptotic efficiency.

5.2.12 Logit Model

5.2.12.1 Motivation and Geometric Interpretation The Logit model solves the problem of
modeling the conditional probability of occurrence of a strictly binary dependent variable (y; € {0,1})
from a set of exogenous regressor vectors. The traditional Linear Probability Model (LPM), estimated
via OLS, exhibits severe structural flaws: it generates predictions outside the unit interval [0, 1] and is
intrinsically heteroskedastic. Logit overcomes these constraints by mapping the linear index of regressors
to the interval [0, 1] using the logistic Cumulative Distribution Function (CDF).

In the unified GMM view, Logit represents a case of exact identification (L = K), where the population
moment condition is defined by the score of a conditional Bernoulli distribution.

Geometric Interpretation in R?:

The observed data lie exclusively at the discrete limits y = 0 or y = 1. Logit fits an S-shaped sigmoid

curve to approximate the conditional expectation E[y;|x;]. From the GMM perspective, estimation seeks
n

to rotate and translate this sigmoidal profile so that %L Y1 (i —pi)x; = 0.

5.2.12.2 Assumptions Let x; € R¥ be the vector of regressors and y; € {0,1} the observed binary
response.

Assumption 5.42: Stochastic Independence (Random Sampling)

o Role: Allows the additive factorization of the log-likelihood as the sum of individual log-densities,
enabling the application of the Law of Large Numbers over sums of sample moments.

¢ Counterexample: Under active temporal or spatial dependence, the simple Fisher covariance
matrix would fail by ignoring cross-interactions, requiring robust variance corrections of the HAC

type.
Assumption 5.43: Rank Identifiability (No Collinearity)

o Role: Requires that the population moment matrix of the regressors Q,, = E[x;x}] have full rank
K. Ensures that the Hessian matrix is strictly negative definite over the entire support, guaranteeing
the existence of a unique stable global maximum.
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¢ Counterexample: In the presence of perfect multicollinearity, the likelihood surface will exhibit
an infinite flat valley. The Jacobian moment matrix will become singular, preventing analytical
inversion and identification of the vector 3.

Assumption 5.44: Logistic CDF Specification

« Role: Postulates that the true data generating process obeys the structural relationship P(y; =
1|x;) = A(x}fBo), where A(z) = e*/(1 + €*). Fixes the exact functional form of the orthogonality
conditions.

o Counterexample: If the actual generating process follows a Probit (Normal) distribution, Logit
estimators will maintain directional consistency of signs, but the calculated marginal effects will
exhibit systematic biases caused by the relatively heavier tails of the logistic distribution.

5.2.12.3 Formal Statement and Derivation Let {y;,x;}]; be an i.i.d. sample where y;|x; ~
Bernoulli(p;) with probability parameterized by p; = A(x}5y). We define:

1. Logistic Function: A(z) = 1_?_%

2. Derivative Identity: 22 = A(2)(1 — A(2)).

dz
3. GMM Moment Vector: g(w;, 3) = x;(y; — Ax}8)) (K x 1).

Theorem (Asymptotic Normality of Logit). The GMM/MLE estimator 3, obtained by solving
IS xi(yi — A(x}Bn)) = O converges in the limiting distribution to:

V(B — Bo) & N (0, Z(8,) ") (5.195)

where the Fisher Information Matrix is expressed as Z(8p) = E [A(x}50)(1 — A(x}50))x:X}].
Proof:
Step 1: Extraction of the Moment via Bernoulli Log-Likelihood

The probability density function for a conditional observation is given by f(vi|x;; 8) = py (1 — p;)' ¥
Its respective individual log-likelihood is:

6:(B) = yiln(p;) + (1 — y;) In(1 — p;) (5.196)

Substituting the sigmoidal parameterization p; = A(x};3) and differentiating:

1
Vli(B) = yi—-Vppi = (L = yi) 7= Vpi (5.197)
Di Dbi
Employing Vgp; = p;i(1 — p;)x;:
pill —pi)xq pill —pi)xi
Vli(B) = yz-# -(1- yi)(17> (5.198)
b —Di
Performing the algebraic cancellations:
si(B8) = yi(1 — pi)xi — (1 — wi)pixi = xi(yi — pi) = xi(yi — A(x;5)) (5.199)

This constitutes the exact-identification GMM moment condition vector: g;(8) = x;(y; — A(x.3)).
Step 2: Verification of the Population Orthogonality Condition

We evaluate the conditional expectation of the constructed moment under the true parameter [y:

Elgi(bo)|xi] = xi (E[yi|x:] — A(x}50))
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Under Assumption 5.44, E[y;|x;] = A(x}8y). Therefore:
Elgi(Bo)|xi] =xi(0) =0 (5.200)
By direct application of the Law of Iterated Expectations:

Elgi(6o)] = E[E[gi(Bo)lx:]] = 0 (5.201)

Step 3: Linearization and Expansion via MVT

We expand the system of sample normal equations via the Mean Value Theorem:

0= =2 k() + |1 > vﬂ/gi@] VB ~ o) (5.202)

We compute the sample Jacobian of the moment vector:

Vegi(B) = —A(x;B)(1 — A(xiB))xix; (5.203)

Step 4: Convergence and Variance Structure

o« WLLN: The average sample Hessian matrix converges to Go = —Z ().
n d
« CLT: =371 8i(Bo) = N(0,8), where S = Z(f).

Step 5: Isolation and Limiting Mapping

V(B — Bo) % Z(Bo) "IN (0, Z(Bo)) (5.204)

V(B — Bo) & N (0, Z(8,) ") (5.205)

5.2.12.4 Role of Assumptions The premise of Correct CDF Specification (Assumption 5.44)
was indispensable in Step 4. If the distribution were incorrect, the conditional equality Var(y;|x;) =
pi(1 — p;) would be violated, generating a mismatch between the moment covariance matrix S and the
population Jacobian Gg. The model would require the robust sandwich formulation (QMLE), under
penalty of underestimating or overestimating standard errors.

5.2.13 Probit Model

5.2.13.1 Motivation and Geometric Interpretation The Probit model addresses the same problem
of modeling binary discrete choices (y; € {0,1}). Probit differs from the Logit model by mapping the linear
index of exogenous regressors x.( to the probabilistic interval [0, 1] through the Cumulative Distribution
Function (CDF) of the Standard Normal distribution, denoted by ®(-).

Geometric Interpretation in R¥:

In the vector space of explanatory variables, the Probit model establishes a separation hyperplane
geometrically defined by the equation x,8 = 0. The conditional probability of success is represented by a
sigmoidal surface that asymptotically extends between the ceiling and floor probabilistic boundaries.
Estimation via GMM seeks to rotate and displace this separation hyperplane in the K-dimensional space
of regressors so that the weighted score vector is zero in the sample.
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5.2.13.2 Assumptions Let x; € R¥ be the vector of regressors and y; € {0,1} the discrete response.
Assumption 5.45: Identifiability (Full Rank of the Regressor Matrix)

o Role: Requires that the population moment matrix E[x;x}] be strictly positive definite, ensuring
linearly independent statistical information to discriminate the effects of each parametric component.

¢ Counterexample: If there is perfect collinearity among the components of the regressor vector,
the Jacobian moment matrix will become singular, generating a linear trough of infinite solutions
and making inversion for asymptotic variance calculation impossible.

Assumption 5.46: Gaussian Specification of the Latent Error

o Role: Assumes that the model is generated by a latent variable structure y¥ = x5y + €;, where the
unobserved errors strictly follow the distribution €; ~ N(0,1). Ensures that the moment conditions
extracted from the score are centered at zero in the population.

e Counterexample: If the actual underlying disturbances follow asymmetric or heavy-tailed distri-
butions (such as the Cauchy distribution), the use of the normal CDF ®(-) will cause a break in the
probabilistic bridge, generating inconsistent and severely biased estimators.

Assumption 5.47: Strict Exogeneity of Regressors

e Role: Requires that the distribution of the latent error be independent of the regressors, implying
the conditional condition Ele;|x;] = 0.

o Counterexample: If one of the regressors is endogenous (such as omitting ability variables in
educational choice models), the population orthogonality condition will fail because the latent error
term will carry systematic information about x;, making the GMM/MLE estimator inconsistent.

5.2.13.3 Formal Statement and Derivation Let {y;,x;}}_; be a simple random sample (i.i.d.) with
yi € {0,1} and x; € R¥. We define ®(2) = [”__ ¢(t)dt, where ¢(t) represents the probability density
function (PDF) of the standard normal.

Theorem (Asymptotic Normality of Probit). Under regularity conditions and correct Gaussian
specification, the estimator 3, satisfies the convergence:

V(B — Bo) & N (0, Z(8o) ") (5.206)
where:
_ ¢ (xifo)? o
Z(Bo) =E B0 Bo) (1 — D Fy)) < (5.207)
Proof:

Step 1: Formulation of the Structural Score

The conditional density of Probit for an observation is expressed as:

Flyilxi, B) = [@(x )] [1 = D(x;8))' 7 (5.208)
Its individual log-likelihood is:

InL;(8) = yi ln ®(x;8) + (1 — y;) In[1 — ®(x}3)] (5.209)

The score vector s;(3) is:

yio(xif) (1 —y:)o(xif)
si(B) = o(xf)  1-oxp) | % (5.210)

Reducing to the common denominator:
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lyi — 2(xiB)] $(xi8)
o (x;B)[1 — 2(x;B)]

Step 2: Numerical Equivalence via Just-Identified GMM

si(B) = (5.211)

Since the number of moments generated by the score exactly matches the dimension of the parameter
vector (L = K), the GMM estimator simply zeros the sample moment vector:

n

gn(fn) = % Zsi(ﬁn) =0 (5.212)

Since equation (5 212) represents exactly the First Order Conditions (FOC) of log-likelihood optimization,
it follows that BG MM = 5 M LE for any choice of positive definite weighting matrix W,,.
Step 3: Linearization via the Mean Value Theorem

We perform the first-order linear expansion of gn(én) around the true point fy:

0= gn(ﬁn) = gn(ﬁO) + Gn(B)(Bn - /80) (5.213)

where 3 lies between the estimator and the population target. Multiplying by v/n and isolating the
sample error:

V(B — Bo) = — [Gu(B)] " vnign(Bo) (5.214)

Step 4: Mapping of Stochastic Limits

We define the population limit Jacobian as G = E[9s;(8y)/93’] and the limit variance of the moments as
S = E[si(Bo)si(fo)']-

« WLLN: G,(8) & G.
« CLT: \/ng.(Bo) % N(0,8).
Applying Slutsky’s Theorem:

V(B = Bo) 5 N (0, G'S(G) ) (5.215)

Step 5: Fisher Information Matrix Identity and Simplification

Since the moment conditions were derived from the analytical score of a perfectly specified density
(Assumption 5.46), the Fisher Information Matrix Identity holds, establishing that S = —G = Z(8y).
Substituting:

Asy.Var(B3,) = Z(Bo) "Z(Bo)Z(Bo) ' = Z(Bo)~" (5.216)

5.2.13.4 Role of Assumptions The assumption of Rank Identifiability (Assumption 5.45) is
strictly indispensable for the validity of the estimator. If the regressors exhibited linear dependence, the
population Jacobian matrix G would be singular. This would prevent the matrix inversion operation
performed in Step 3, collapsing the derivation of the Gaussian limiting distribution.
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5.3 Advanced Reference Guide: Unification of Estimators under GMM and
M-Estimation

This reference guide analyzes the main econometric estimators through the lenses of the Generalized
Method of Moments (GMM) and M-Estimation, unifying geometric, algebraic, and asymptotic intuition
under a single framework.

5.3.1 Notation and Preliminary Definitions

To ensure rigorous consistency and avoid classical literature conflicts, the following strict symbol convention
is adopted:

Symbol Definition

y Vector of observations of the dependent variable
(nx1)

X Matrix of regressors (n x k)

Z Matrix of instruments (n x [)

u=y-—Xg Vector of structural disturbances/errors

gn(0) =137 gi(6) Sample moment function (I x 1). In the linear case:
g.(8) = 12'u=17/(y - Xp)

S = E[g:(0)g:(0)] Population covariance matrix of the moment
conditions (I x [). Consistent estimator: S

Q = FEluu’ | X] Population covariance matrix of the model
errors/disturbances (n X n)

W Positive definite stochastic weight matrix (I x 1)
used to weight moments in overidentified GMM

Py, =7Z(Z'2)"'7 Orthogonal projection matrix onto Col(Z)

(instrument hat matriz)

5.3.2 Comparative Table of Estimators

The following table organizes the main econometric estimators according to their formulation as a special
case of GMM or M-Estimation, detailing moment conditions, identification structure, weight matrix,
closed-form expression (when available), and asymptotic variance.
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Table 7: Comparative Table of Estimators under GMM and M-Estimation

Estimator Moment Condition Tdentification Matrices Weight Matrix Formula Derivation Variance
MM E[h(y;, )] =0 Exactly (1 = X: Model; Z: W =1 Implicit: gn (6) = 0 F.O.C. yields gy, = 0; W irrelevant %Go’ls(cé)—l
k) N/A
OoLS Elx;(y; —x'B)] =0 Exactly I = 2Z=2X W =1, Bors = (X'X)"1x'y 1lx/(y —XB) =0 o2(x/x)~1
° k) n
v Blz;(y; — x}B)] = Exactly (I = Z: Instruments; W = I Bry = (@Z'x)"1z'y Llz/y-xp)=0 o2(z'x)"Y(z'z)(x'z)" 1
k) X: Regressors
’ i i 3 ’ —1~/ PR ’ 2 ’ —1
2SLS Blzj(y; —x;8)] =0 Overid. (1> Z: Allinstr; X: W = Bygrg = (X'PzX)"'X'Pygy Minimizes (y — XB) Pz (y — XB) c2(X'P 4 X)
k) Regressors (+z'z)
GMM  (2- Blz;(y; — x}B)] = Overid. (I > Z: Instruments; W = S~ 1 Bomm = (X'z871z/x)"Ix'zs 12y Minimizes (y — XB)'ZWZ/(y — XB) (xX'zs~1z/x)~1
Step) k) X: Regressors
EHW E[x;ju;] =0 Bxactly (Il = Z=2X W =1, Beaw = (X'X)"1x'y Same as OLS (X'X)TH(XQgi0,X) (X' X)L
k)
GLS Elx}(y} —x}'B)] = Exactly x* = @ 1/2x; w =1 BaLs = (X' Ix)"Ix'a 1y Minimizes (y — XB)/'Q "Ly - XB) (X'@~1x)~!
0 (trans- v* = 9—1/2y
formed)
FGLS Elx;ju;/o2] =0 Exactly Same as GLS W =1 Brars = (X'@71x)~1x/'a~ 1y Substitute © with consistent estimator (X’Q~1X)~1 (asymptotically)
¢ Identified with €
3SLS E[Z®e] =0 Overid. Z: Block in- W = (27! ® B3grg = [X(E7! @ Pz)X] X/ (7! ® GMM on simultancous system x(="lePyx)~1
(System) str; X: Block- (z/z)—1 P,y
diagonal
GNLLS E[Vgh(x;, B) Exactly X: Non-linear; W = Q1 Implicit: § Vh(x;, B)o 2[y; — h(x;, B)] = Minimizes (y — h)/Q~1(y — h) (G{)nflco)*l
Y Identified Z=vVgh o i *
o ul=0
oy = 8y dln f(y;lx;,0) _ . ) . L
MLE Els(w;,0)] =0 N/A (Score- N/A (Based on N/A s,(0) = R Maximizes In f;(8) Z(6g)~ 1 (or HT1JH! for QMLE)
Exact) density f(y | x)) i i
exp(x’,B) 1
Logit Elx; (y; N/A (M- X: Logistic re- N/A E xj(yy — ——— ) =0 Bernoulli MLE with logistic CDF (X'VX)™1, where V;; = A;(1 — A;)
A/ B)] =0 Estimator) gressors K 1+CXP(X,35)
i
$(x, B) [y; — 2 (x B)] PR #2
Probit Probit score = 0 N/A (M- X: Normal CDF N/A E xy el = Bernoulli MLE with normal CDF X'VX) T, where Vi = gatas
Estimator)  regressors i eI B -2 (< B)] Ta-%;




5.3.3 Methodological Observations

1.

GMM as a Unifying Framework: The Generalized Method of Moments (GMM) subsumes
all listed estimators as special cases, depending on the choice of the weighting matrix W and
the definition of the moment conditions. The table above explicitly shows this hierarchy, from
traditional MM (exact identification) to optimal GMM (overidentification with efficient weighting).

M-Estimation and the Score: Estimators based on objective functions (MLE, Logit, Probit)
can be reinterpreted as cases of M-Estimation where the moment condition is the gradient of the
objective function (score). Under correct specification, the asymptotic variance simplifies to the
inverse of the Fisher information matrix; under misspecification, the robust sandwich form (QMLE)
is necessary.

Identification and Weight Matrix: The crucial distinction between exact identification (I = k)
and overidentification (I > k) determines the relevance of the weight matrix W. In exactly identified
systems, W is irrelevant for point estimation; in overidentified systems, the choice of W affects
both efficiency and (in finite samples) point estimation.

Special Case of 2SLS: 2SLS emerges as the one-step GMM with W = (Z/Z)~!, which is the
optimal weight matrix under homoskedasticity. Under heteroskedasticity, the two-step GMM with
W = S is asymptotically more efficient.

Robustness and QMLE: When parametric specification is doubtful (misspecification of density
in MLE, or heteroskedasticity in GMM), the asymptotic variance assumes the sandwich form
H-'JH™!, ensuring valid inference even under more flexible conditions.

GNLLS and Non-linearity: In non-linear models, the Jacobian matrix Go = E[Vgh(x;, Bo)]

. : . -1 -1
acts as the analog of instruments, and the asymptotic variance follows the structure (G{Q2~'Gg) ',
generalizing GLS to curved surfaces.
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